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The increasing adoption of electric vehicles has introduced a new electric load on the grid, which differs from the 

traditional load profiles found in networks. Additionally, renewable energy sources significantly influence the 

generation patterns in these networks due to their inherent uncertainty and large fluctuations in generation. This 

paper introduces a multi-objective distribution system expansion model that takes into account investments in 

new equipment, including renewable energy sources, energy storage, and electric vehicle charging stations. The 

required charging for electric vehicles is determined based on their travel patterns throughout the day, 

considering each charge. Uncertainty in both the load and renewable resources is addressed by generating possible 

scenarios derived from their probability distribution curves. The final stochastic model aims to minimize the 

expected expansion costs of the system, including the present value of investments, maintenance, generation costs, 

losses, and unmet demand. The deterministic equivalent model, which incorporates a random-axis scenario model, 

is an integer optimization problem solved using a genetic algorithm. Numerical simulations were conducted on a 

9-bus network as a small example, followed by analysis on the standard 30-bus network. The results indicate that 

the implementation of distributed generation sources improves losses and voltage conditions, often leading to a 

preference for developing distributed generation rather than expanding substations. The findings suggest that the 

growth of distributed generation has resulted in significant delays in substation expansion, offering an alternative 

that can achieve much better technical outcomes in place of substation expansion. 
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Nomenclature 

a Equipment index   

b Time block index (day/night)   

ch Charging station index for electric vehicles   

I, j Node indices   

k Investment option index   

l Feeder type index   

p Distributed generation (DG) type index   

q Time step index   

t, 𝜏 Planning stage indices   

tr Transformer index   

𝜔 Scenario index 

Sets  

A Set of equipment   

B Set of time blocks 

CH Set of electric vehicle parking types 

L Set of feeder types 

 
 

𝐾𝑙 . 𝐾𝑡𝑟 . 𝐾𝑝. 𝐾𝑆𝑇 . 𝐾𝑐ℎ 

Set of available options for feeders, 

transformers, DG units, substations, and 

parking facilities 

P Set of DG types 

Q Set of yearly periods 

T Set of time stages in planning 

TR Set of transformer types 

𝛺𝑁 Set of system nodes 

Ω𝑖
𝑙 Nodes connected to node i via feeder type l 

Ω𝑡
𝐿𝑁 Load nodes 

Ω𝑆𝑆 Substation nodes 

Ω𝑝 Candidate nodes for DG 

Ω𝑆𝑇 Candidate nodes for storage 

Ω𝑐ℎ Candidate nodes for EV charging parking 

∏    Set of scenarios 

𝛾𝑙   Set of branches with feeder type l 

http://dx.doi.org/10.22109/jemt.2019.115900.1058s
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Parameters  

𝐶𝑘
𝐼.𝑙 Investment costs for feeders 

𝐶𝑖
𝐼.𝑆𝑆 Substations 

𝐶𝑘
𝐼.𝑁𝑇 Transformers 

𝐶𝑘
𝐼.𝑝

 DG units 

𝐶𝑘
𝐼.𝑆𝑇 Storage systems 

𝐶𝑘
𝐼.𝑐ℎ: Charging parking stations 

𝐶𝑘
𝑀.𝑙 Maintenance costs for feeders 

𝐶𝑘
𝑀.𝑡𝑟 Transformers 

𝐶𝑘
𝑀 DG units 

𝐶𝑘
𝑀.𝑆𝑇 Storage systems 

𝐶𝑘
𝑀.𝑐ℎ Charging parking stations 

𝐶𝑡𝑞𝑏𝜔
𝑆𝑆  Cost of power supply from substations 

𝐶𝑘
𝐸.𝑝 Cost of DG production 

𝐶𝑘
𝑆𝑇.𝑝𝑟𝑜𝑑

 Cost of storage system production 

𝐶𝑘
𝑆𝑇.𝑠𝑡𝑜𝑟𝑒 Cost of energy storage in storage systems 

𝐷𝑖𝑡𝑞𝑏𝜔 Load on the system 

𝑑dem 

𝑡𝑞𝑏𝜔
 

Total demand for charging electric vehicles 

in the system 

𝐹̅𝑖𝑗𝑘
𝑙𝑉  Theoretical power capacity of feeders 

𝐺̅𝑘
𝑡𝑟 

Theoretical power capacity required for 

supply through transformers 

𝐺̅𝑘
𝑝

 
Power generation capacity of generator type 

p 

𝐺̂𝑖𝑘𝑡𝑞𝑏𝜔
𝑝

 Power availability from generator type p 

𝐺𝑘
𝑆𝑇 Minimum capacity of storage units 

𝐺̅𝑘
𝑆𝑇 Maximum capacity of storage units 

𝐺̅𝑘
𝑐ℎ Parking capacity 

I Annual investment rate 

𝐼𝐵𝑡 Investment limit at stage t 

𝑙𝑖𝑗 Length of feeders 

𝑛𝐷𝐺 . 𝑛𝑇 
Number of candidate groups for DG and 

the number of scheduling stages 

pf Power factor of the system 

𝑅𝑅𝑎 Rate of return on investment per equipment 

𝑍𝑘
𝑙 . 𝑍𝑘

𝑡𝑟 Feed capacity of unit type l and transformer 

capacity 

𝜋𝑞𝑏𝜔  Weight of scenario 

Δ𝑞𝑏 Duration of each time block 

𝜂𝑖𝑘
𝑆𝑇.𝑝𝑟𝑜𝑑

 Efficiency of power generation by storage 

units 

𝜂𝑖𝑘
𝑆𝑇.𝑠𝑡𝑜𝑟𝑒 Efficiency of energy storage by storage 

units 

𝜀 Limitations on power source penetration 

𝑣𝑎 Lifetime of each equipment 

𝑐𝑡
𝐼  Cost of Investment at Stage t 

𝑐𝑡
𝐸  Cost of Power Production at Stage t 

𝑐𝑡
𝑀 Cost of Maintenance at Stage t 

𝑐𝑡
𝑅  Cost of Power Loss at Stage t 

𝑐𝑡
𝑈  Cost of Unmet Power Demand at Stage t 

𝑑𝑖𝑡𝑞𝑏𝜔
𝑐ℎ  Electric Vehicle Charging Demand in 

Group i 

𝑑𝑖𝑡𝑞𝑏𝜔
𝑈  Unmet Power Demand for Each Group 

𝑓𝑖𝑗𝑘𝑡𝑞𝑏𝜔
𝑙  Power Flow Through the Feeder 

𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑝

 Energy Supplied by Generator Type p 

𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑡𝑟  Energy Supplied by Transformer Type tr 

𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇.𝑝𝑟𝑜𝑑

 
Power Generation Capability of Storage 

System 

𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇.𝑠𝑡𝑜𝑟𝑒 Power Stored in the Storage System 

𝑥𝑖𝑡
𝑆𝑆 Binary Variable for Investment in Pasts 

𝑥𝑖𝑘𝑡
𝑁𝑇 Transformers 

𝑥𝑖𝑗𝑘𝑡
𝑙   Feeders 

𝑥𝑖𝑘𝑡
𝑝

  DG 

𝑥𝑖𝑘𝑡
𝑆𝑇   Storage Systems 

𝑥𝑖𝑘𝑡
𝑐ℎ   Charging Parking 

𝑢𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇.𝑝𝑟𝑜𝑑

. 𝑢𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇.𝑠𝑡𝑜𝑟𝑒 

Binary Variable for Storage System or 

Energy Storage Capacity Provision 

𝑦𝑖𝑗𝑘𝑡
𝑙 . 𝑦𝑖𝑘𝑡

𝑝
. 𝑦𝑖𝑘𝑡

𝑆𝑇 . 𝑦𝑖𝑘𝑡
𝑐ℎ  

Binary Variable for the Use of Past, 

Transformer, Feeder, DG, Storage System, 

and Charging Parking 

𝑣𝑖𝑡𝑞𝑏𝜔 Voltage of Node 

Variables for Electric Vehicles 

ℋ{1…𝐻}  Set of Residential Homes  

𝒦 ⊂ ℋ   Set of Electric Vehicles in Each Home  

𝒯{1…𝑇} 
 Set of Discrete Time Intervals in the 

Charging Horizon 

𝜒𝑘.𝑡 
 The current (A) drawn by the k -th 

vehicle at time t. 

𝑥ℎ.𝑡 
 The current (A) drawn by the h -th 

household at time t. 

𝑥ℎ.𝑡
tot  

 Total current (A) drawn by household 

h th (including both household and 

vehicle load)  

𝑥𝜙.𝑡  
 Total current (A) drawn by all single-

phase loads from phase 𝜙 ∈ {𝐴. 𝐵. 𝐶} 

𝑠𝑘(𝑡) 
 Stored energy (kWh) in vehicle k -th at 

time t. 

𝑠max 
 Maximum allowable stored energy 

(kWh).  

𝜏   Charging efficiency factor. 

𝑉𝑇.𝑥 
 Phase- to- neutral voltage of the source (V) 

at the transformer. 

𝑃𝑇𝑥
max 

Rated power of the distribution transformer 

(kVA)  
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𝑥𝜙
max 

 Maximum current (A) in phase 𝜙 ∈
{𝐴. 𝐵. 𝐶},for the main feeder cable. 

𝑥𝑘
max 

 Maximum current (A) in the service line 

connecting household k - th to the feeder.  

𝑉ℎ.𝑡
drop 

 
 Phase- to- neutral voltage difference 

between the transformer and the source 

voltage (V). 

1. Introduction 

Expansion strategies for power distribution systems are crucial 
for accommodating increasing demand and integrating emerging 
technologies such as distributed generation (DG), electric vehicles 
(EVs), and energy storage systems. Recent studies have highlighted 
the importance of planning and optimizing the growth of 
distribution networks to improve their efficiency, reliability, and 

sustainability under various uncertainties. A significant focus in the 
expansion of distribution systems is the incorporation of renewable 
energy sources and distributed generation. Borges and Martins [4] 
explore multistage expansion planning for active distribution 
networks, considering uncertainties in demand and DG. Their 
research highlights the need for flexibility in distribution network 
planning to accommodate both load growth and distributed 
generation, ensuring the network can handle variable generation and 
avoid overloads. Similarly, Muñoz-Delgado et al. [6] discuss the 
integration of generation and network expansion planning, 
emphasizing the importance of considering uncertainties such as 
renewable energy variability and system reliability in their planning 
models. Another key factor in power distribution system expansion 
is the role of energy storage. The growing demand for storage 
solutions to support renewable energy and improve grid stability has 
led to an increased focus on optimal storage planning. In their work, 
Wogrin et al. [8] propose optimizing storage operations for medium- 
and long-term power system models, focusing on energy storage's 
potential to enhance grid reliability. Likewise, Akhavan and 
Mohsenian [11] present a chance-constrained optimization model 
for energy storage planning in active distribution grids, using non-
parametric probability functions to account for uncertainties in 
energy supply and demand. These models assist in determining 
optimal locations and capacities for storage systems that support 
both grid stability and distributed energy sources. The role of 
electric vehicles in distribution system planning is another important 
consideration. The rise of electric vehicles (EVs) poses both 
challenges and opportunities for power distribution systems. The 
need to plan for EV charging stations (EVCS) is a significant aspect 
of expansion strategies, as they can place additional load on the grid 
and impact the distribution network's reliability. Liu et al. [13] 
discuss optimal planning for EVCS in distribution systems, focusing 
on the coordination of EV charging with DG to minimize impact on 
the existing network. A multi-objective planning approach that 
includes EV charging infrastructure and distributed generation is 
explored by Liu et al. [14], highlighting the need to balance these 
factors to achieve efficient network expansion. Moreover, studies 
have emphasized the integration of stochastic models to handle the 
uncertainties associated with EV charging and renewable energy. 
Weifeng et al. [16] propose a scenario-based comprehensive 
expansion planning approach that integrates EVs with distribution 
systems, considering the variability and uncertainty of EV charging 
patterns. Similarly, Zare et al. [17] develop a stochastic MILP model 
to address the expansion of multi-energy distribution networks with 
EV charging stations, showing how uncertainty can be incorporated 
into planning models to improve the robustness of the system. 
Incorporating energy storage and EV infrastructure into the 
distribution system also calls for attention to the reliability of the 
network. The planning models must address not only the capacity 
but also the resilience of the system under different operational 

scenarios. Sedghi et al. [9] focus on optimal storage planning in active 
distribution networks, considering the uncertainty of wind power 
distributed generation. Their work underscores the need to account for 
both generation and storage in planning to ensure system reliability 
under variable conditions. A holistic approach to expansion strategies 
involves considering the interplay between distributed generation, 
energy storage, and EV infrastructure, with a focus on achieving an 
optimal balance between these components. Yao et al. [15] discuss a 
multi-objective collaborative planning strategy for integrated power 
distribution and EV charging systems, highlighting the need for 
coordination to achieve optimal system performance. another crucial 
aspect of expansion planning is the role of demand-side management, 
which includes strategies such as demand response and energy 
efficiency programs. These programs play an essential role in 
optimizing the utilization of available resources and reducing the need 
for extensive infrastructure investments. Asensio et al. [7] present a 
stochastic programming model for joint distribution network and 
renewable energy expansion, incorporating demand response and 
energy storage. Their research emphasizes how demand-side 
management, when integrated with renewable energy and storage, can 
significantly enhance the flexibility and reliability of the distribution 
system. Moreover, the incorporation of electric vehicles (EVs) 
introduces a new layer of complexity in distribution system planning. 
As more EVs are integrated into the grid, there is a growing need to 
balance the increased demand for charging with the available capacity 
of the distribution network. Liu et al. [19] address this challenge by 
proposing a unified planning model that integrates distributed 
generation, EV charging stations, and the management of uncertainties 
such as battery degradation and fluctuating energy demands. This 
comprehensive approach aims to mitigate the impacts of EVs on the 
network while also ensuring that the system is adequately prepared for 
future demand. The expansion planning process is further complicated 
by the need to evaluate the hosting capacity of distribution networks, 
especially as new technologies like microgrids and EV charging 
stations become more prevalent. Da Silva et al. [23] explore the 
simultaneous assessment of distributed generation and electric vehicle 
hosting capacity in distribution systems. Their study provides insights 
into how to effectively evaluate and optimize the hosting capacity of 
these new technologies without compromising the reliability of the 
network. 

The optimization of multi-energy systems is another emerging 
trend in the expansion of power distribution networks. Yuvaraj et al. 
[20] investigate the allocation of hydrogen-fuel-cell-based distributed 
generation in distribution systems to mitigate the impact of EV 
charging stations. They emphasize how multi-energy solutions can be 
used to enhance the reliability and sustainability of power distribution 
networks by diversifying energy sources and reducing dependence on 
conventional power generation. In line with these efforts, the 
integration of electric vehicles into the power distribution system also 
raises questions about the long-term sustainability of these 

technologies. Liu et al. [21] provide a comprehensive review and 
analysis of the allocation of electric vehicle charging stations in 
distribution networks, offering valuable insights into how these 
systems can be optimized to improve system performance while 
maintaining grid stability. Their work highlights the need for careful 
planning and coordination to ensure that the increase in EV charging 
infrastructure does not adversely impact the distribution network. 
Moreover, the incorporation of distributed energy resources (DERs) 
and electric vehicle charging stations calls for advanced planning 
models that consider multiple uncertainties, including weather 
patterns, electricity prices, and technological advancements. Akhavan 
and Mohsenian [11] discuss energy storage planning with non-
parametric probability functions to optimize storage capacities while 
accounting for these uncertainties. The flexibility offered by such 
models allows for more robust and adaptive planning, which is crucial 
as the energy landscape continues to evolve. Additionally, the 
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optimization of storage systems, particularly in the context of active 
distribution grids, is gaining significant attention. Shen et al. [10] 
explore the role of centralized and distributed energy storage 
systems in the expansion planning of active distribution networks. 
Their work demonstrates how storage can be strategically integrated 
to enhance the stability and reliability of the grid, particularly during 
periods of high demand or low renewable generation. The use of 
both centralized and distributed storage systems offers a more 
flexible and resilient approach to power distribution system 
planning. Furthermore, optimizing the operations of battery energy 
storage systems and integrating them with renewable energy sources 
and EV charging stations can lead to substantial improvements in 
grid reliability. Li et al. [24] discuss the efficient operation of battery 
energy storage systems in conjunction with renewable energy 
sources and electric vehicle charging stations, demonstrating the 
potential for these systems to reduce operational costs while 
improving grid stability. Li et al. [25] proposed a mixed-integer 
linear programming (MILP) method for optimal planning of EVCS 
in urban power and transportation systems. Their approach focuses 
on optimizing the integration of EV charging infrastructure while 
considering both power system constraints and transportation 
network dynamics. Aljafari et al. [26] explore the optimization of 
radial distribution systems with the integration of distributed 
generation (DG) and EV charging stations. They employed a novel 
optimization technique called the Spotted Hyena Algorithm to 
tackle the complexities of balancing power supply and demand in 
the presence of DG and EV charging infrastructure. Yaghoubi-Nia 
et al. [27] focus on the optimized allocation of microgrids' 
distributed generation and EVCS, taking into account system 
uncertainties through clustering algorithms. Their work emphasizes 
the challenges of managing uncertainties in renewable generation 
and EV charging demand. By applying clustering techniques, they 
were able to group similar operational scenarios and optimize the 
allocation of DG and EVCS within the microgrid framework. 

1.1. Contributions 

• A unified multi-objective stochastic MILP model for the 
co-expansion of distribution networks, integrating DG 
units, ESS, and EVCS. 

• A novel scenario generation and reduction framework 
that jointly models the uncertainties of renewable 
generation (wind/PV), conventional load, and EV 
charging demand based on travel patterns. 

• A comprehensive analysis demonstrating that strategic 
DG investment can technically and economically defer 
traditional substation expansion. 

• Validation on standard test networks showing the 
scalability of the proposed model and the impact of EV 
adoption on expansion plans. 

2. Literature Review 

In recent years, some models developed for unit commitment in 
power systems have been solved within a centralized framework. 
These models address optimal unit commitment scheduling. The 
expansion of distribution networks through reconfiguration and the 
addition of feeders strengthens existing grids and creates new 
networks [2]. In [3], a review of the current situation in the context 
of DSEP (Distribution System Expansion Planning) has been 
presented. The increasing penetration of DG (Distributed 
Generation), which is based on renewable energy sources, requires 
integration into distribution system planning models for decision-
making regarding their location and timing [4]- [7]. Additionally, 
the uncertainty in the forecast of RES (Renewable Energy Sources) 
is usually considered unpredictable, and this uncertainty is 

addressed within the models. In [4], the uncertainty related to demand 
and DG is handled based on theoretical multi-scenario models 
executed using a genetic algorithm. In [5], the uncertainty associated 
with load and electricity prices is modeled via Monte Carlo simulation. 
In [6], a stochastic programming framework based on scenario 
analysis is used to minimize the present value of expected investment 
costs. Furthermore, the operational costs under uncertainty in DSEP 
are evaluated using dynamic programming in [7], where the response 
to demand and ESS (Energy Storage Systems) is also considered in 
the developed unit commitment planning model for distribution 
system planning and generation optimization. Other studies have 
explored the operational planning of ESS (Energy Storage Systems). 
In [8], the concept of a system, in contrast to load level, is expressed 
through time-series curves (as introduced in [6], [7]). This framework 
allows for the integration of better temporal information. In [9], 
optimal operational planning for batteries in distribution networks is 
implemented using heuristic methods, incorporating probability 
distributions to account for input variations. In [10], a multi-stage 
framework for unit commitment planning is proposed, where typical 
daily scenarios are used for hourly evaluations. The economic dispatch 
of ESS considers the impact of EVs (Electric Vehicles) in joint 
distribution, production, and planning of ESS expansion, excluding 
installation costs in EVCS (Electric Vehicle Charging Stations) [11]. 
A non-parametric, constrained optimization is employed for 
investment optimization in ESS units, considering the uncertainty in 
DG (Distributed Generation) and EV systems. In [12], a multi-
objective optimization for battery storage and DG units in a 
distribution network is presented, where the power specifications of 
EVs are modeled using phase parameters for the design of the network 
system. Recently, there has been increasing attention given to the 
optimization of EVCS (Electric Vehicle Charging Stations) planning. 
In [13], the optimization of EVCS within distribution systems has been 
developed, with the goal of at least meeting the expansion needs. The 
costs involved are discussed in [14], where a mixed multi-objective 
model is proposed for planning, with an emphasis on new suggestions 
for replacing network assets, EVCS, and infrastructure. In [15], a 
multi-objective planning model for a distribution network, including 
DG (Distributed Generation) and EVCS, has been developed. An 
expansion scenario for distribution systems is proposed in [16], which 
takes into account the integration of EVs, with simultaneous charging 
and charging states. Table 1 compares recent studies and references 
over the past years [2]- [16], highlighting the present study. 

Table 1. Dispersion of each dataset 

Method 
Network 

expansion 

Expansion 
of 

renewable 
resources 

Storage 
expansion 

EV 
Charging 

station 
expansion 

[2]  - - - 

[3-6]   - - 

[7]    - 

[8] - -  - 

[9]  - - - 

[10] - -  - 

[11] -   - 

[12] - - -  

[13]  - -  

[14]   -  

[15]  - - - 

Proposed 
Study 

    
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3. Literature Review 

In this section, the operation and limitations of the network 
expansion planning problem are discussed, considering the 
expansion of resources, substations, feeders, and key installations. 
For this purpose, all relevant computational models, including 
power flow calculations, reliability indices, and fuzzy numbers, 
should be provided before presenting the objective function and 
constraints. Additionally, since the problem under study involves a 
nonlinear and discrete mathematical model, as introduced in Section 
1, the heuristic algorithm for optimization, such as the genetic 
algorithm, will be utilized to solve the problem 

3.1. Distribution Flow Calculations in Distribution Networks 

As is well known, in distribution networks, the ratio of R/X is 
much higher than that in transmission networks. This results in the 

non-convergence of methods used to calculate power flow in 
distribution networks, as opposed to transmission networks. 
Therefore, alternative methods have been proposed for these 
networks, with the most well-known and powerful being the 
backward and forward method, which can even be applied to 
networks with looped topologies. For this reason, this section 
introduces this method. 

3.1.1 Backward and Forward Method 

This method is based on two matrices that can be derived from 
the topology of the network. One matrix represents the branch flow 
in terms of path flow, and the other matrix represents the voltage 
drop across the path in terms of branch flow. The first matrix is 
referred to as matrix BIBC (Bus Injection to Branch Current), and 
the second matrix as matrix BCBV (Branch Current to Bus 
Voltage). The continuation of the process for constructing these two 
matrices is provided below. 

1) Matrix of feeder current based on injection current at buses: 

At each bus number i, the apparent power 𝑆𝑖 given by the 
following equation (1): 

𝑆𝑖 = (𝑃𝑖 + 𝑗𝑄𝑖). 𝑖 = 1.2.… . 𝑛 (1) 

The number of buses: n 

 

𝐼𝑖
𝑘 = (

𝑃𝑖 + 𝑗𝑄𝑖

𝑣𝑖
𝑘

)

∗

. 𝑖 = 1.2.… . 𝑛 (2) 

The voltage at bus I in the k-th iteration: 𝑣𝑖
𝑘. 

The current of the injection at bus i in the k-th iteration: 𝐼𝑖
𝑘. 

To construct this matrix (BIBC), a simple radial distribution 
system is presented as an example in Fig. 1. The injection current at 

the buses is calculated using the relationship in equation (2), and a 
system of current equations is written based on Kirchhoff's Current 
Law for the network. Therefore, the branch currents can be 
determined based on the injection current at the buses.  

                    𝐼𝑆1 = 𝐼1 + 𝐼2 + 𝐼3 + 𝐼4 

                    𝐼𝑆2 = 2 

                    𝐼𝑆3 = 𝐼3 + 𝐼4 

                    𝐼𝑠4 = 𝐼4 

(3) 

The current of the load at bus i: 𝐼𝑖. 

The section current at bus i: 𝐼𝑠𝑖. 

The system of equations (3) can be written in matrix form. This 
form is shown in relation (4). 

 

[

𝐼𝑆1
𝐼𝑆2
𝐼𝑆3
𝐼𝑆4

] = [

1 1 1 1
0 1 0 0
0
0

0
0

1
0

1
1

] [

𝐼1
𝐼2
𝐼3
𝐼4

] (4) 

Equation (4) can be written in the general form below: 

[𝐵] = [𝐵𝐼𝐵𝐶][𝐼] (5) 

2) Voltage Matrix Based on Branch Current: 

The relationship between branch currents and voltage across 
branches, for example, as shown in Fig. 1, is governed by Kirchhoff’s 
voltage law in the form of the following equation: 

                      𝑉1 = 𝑉0 − 𝑍1𝐼𝑆1 

                      𝑉2 = 𝑉0 − 𝑍1𝐼𝑆1 − 𝑍2𝐼𝑆2 

                      𝑉3 = 𝑉0 − 𝑍1𝐼𝑆1 − 𝑍3𝐼𝑆3 

                      𝑉4 = 𝑉0 − 𝑍1𝐼𝑆1 − 𝑍3𝐼𝑆3 − 𝑍4𝐼𝑆4 

(6) 

In this relation, V0 represents the voltage at the branch terminal, 
which is a constant value. The equations (6) can be written in matrix 
form as: 

Equation (7) can further be expressed in the general forms (8) or 
(9): 

[𝑉] = [𝑉_ ∙ ] = [𝐵𝐶𝐵𝑉][𝐵] (8) 

[∆𝑉] = [𝐵𝐼𝐵𝑉][𝐵] (9) 

In this way, the voltage for each branch will be determined. What 
has been presented in equations (1) to (8) are the governing relations 
for the distribution network, which is based on radial flow. However, 
in order to perform the load flow calculations, as shown in equation 
(1), it is initially necessary to know the voltage at the buses, which is 
an unknown quantity. Therefore, the iterative method should be applied 
as follows: 

Step 1: Initially, an assumed value for the voltage at all buses 
should be taken. For example, let Vi=1pu. 

Step 2: Using equation (2), calculate the injection current for each 
bus.  

Step 3: Using equation (4), calculate the branch currents. 

Step 4: Using equation (8), calculate the voltage at each bus. 

Step 5: If the calculated voltages show a significant difference from 
the previous voltage values, the algorithm should terminate. If not, 
proceed with the new voltages and return to Step 2. 

This method typically converges to the solution after several 
iterations. By knowing the current in each branch, we will be able to 
calculate the losses. 

3.1.2 Calculation of Losses 

Although the total system losses are equal to the sum of the 
individual losses of the system components, which are calculated 
according to relation (10), instead of calculating the losses of each 
individual component, we can use the total active capacities at the load 
and power points. Active injection is applied to the system using the 
above distribution, which is calculated according to equation (11). 

𝑃𝑙𝑜𝑠𝑠 = 𝑟𝑒𝑎𝑙 (∑𝑍𝑖

𝑚

𝑖=1

𝐼𝑠𝑖𝐼𝑠𝑖
∗ ) (10) 

The number of branches: m 

𝑃𝑙𝑜𝑠𝑠 = 𝑟𝑒𝑎𝑙 (𝑆𝑠𝑢𝑛𝑠𝑡𝑎𝑡𝑖𝑜𝑛 −∑𝑆𝑖

𝑚

𝑖=1

) (11) 

The number of buses: m  

It should be noted that in the radial structure, in addition to the 
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above distribution path, there is a feeder for each path. Therefore, in 
the above relations, m=n. It is explained that equation (11) is 
computationally simpler than equation (10), but equation (10) is used 
to determine the percentage contribution of each branch in the 
overall system losses, which is useful for identifying weak branches 
for improvement or expansion. 

3.2. Distribution Flow Calculations in Distribution Networks 

In order to evaluate the reliability in distribution networks, which 
represents the level of reliability, indices are defined and calculated 
as alternative measures. The reliability indices in distribution 
networks are defined as: 

1. SAIFI (System Average Interruption Frequency Index): The 
mean frequency of service interruptions for the system. 

2. SAIDI (System Average Interruption Duration Index): The 
mean duration of service interruptions for the system. 

3. CAIFI (Customer Average Interruption Frequency Index): 
The mean frequency of service interruptions for each 
customer. 

4. CAIDI (Customer Average Interruption Duration Index): The 
mean duration of service interruptions for each customer. 

5. ENS (Energy Not supplied): The energy not supplied. 

Depending on the type of study, one or more of these indices 
may be used. Although calculating other indices, such as SAIFI, is 
easier in most studies, the goal is usually to improve both losses and 
reliability. Therefore, reliability indices are used to assess 
performance, which can be summed with weightage. In other words, 
the associated indices should include energy considerations. The 
necessary equations for calculating these indices include two main 
stages. In the first stage, the basic indices for each branch point are 
determined:   

𝜆𝑠 =∑𝜆𝑖

𝑚

𝑖=1

          (
𝑓

𝑦𝑟
) (12) 

𝑈𝑠 =∑𝜆𝑖

𝑛

𝑖=1

𝑟𝑖           (
ℎ

𝑦𝑟
) (13) 

𝑟𝑠 =
𝑈𝑠
𝜆𝑠
          (

ℎ

𝑓
) (14) 

In this context, it is noted that since the distribution system is 
radial, similar to a series system, the failure rate for each load point 
is the sum of the failure rates of all devices located before that load 
point. The second stage involves calculating each of the reliability 
indices. Since this paper only uses the energy loss index, the 
calculation method for the ENS index is as follows: 

𝐸𝑁𝑆 =∑∑𝜆𝑖

𝑚

𝑖=1

𝑟𝑖𝑗𝑃𝑗 

𝑛

𝑗=1

 (15) 

Number of consumption buses: n;  

Number of sections: m 

Other indices are calculated in the following order: 

SAIFI =
 𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑢𝑏𝑠𝑐𝑟𝑖𝑏𝑒𝑟 𝑑𝑖𝑠𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛𝑠

 𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑢𝑏𝑠𝑐𝑟𝑖𝑏𝑒𝑟𝑠
 (16) 

𝑆𝐴𝐼𝐷𝐼 =
 𝑇𝑜𝑡𝑎𝑙 𝑡𝑖𝑚𝑒𝑠 𝑜𝑓 𝑠𝑢𝑏𝑠𝑐𝑟𝑖𝑏𝑒𝑟 𝑑𝑖𝑠𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛𝑠

 𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑢𝑏𝑠𝑐𝑟𝑖𝑏𝑒𝑟𝑠
 (17) 

𝐶𝐴𝐼𝐹𝐼 =
 𝑇𝑜𝑡𝑎𝑙 𝑡𝑖𝑚𝑒𝑠 𝑜𝑓 𝑠𝑢𝑏𝑠𝑐𝑟𝑖𝑏𝑒𝑟 𝑑𝑖𝑠𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛𝑠

 𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑎𝑓𝑓𝑒𝑐𝑡𝑒 𝑠𝑢𝑏𝑠𝑐𝑟𝑖𝑏𝑒𝑟𝑠 
  (18) 

S𝐶𝐴𝐼𝐷𝐼 =
 𝑇𝑜𝑡𝑎𝑙 𝑡𝑖𝑚𝑒𝑠 𝑜𝑓 𝑠𝑢𝑏𝑠𝑐𝑟𝑖𝑏𝑒𝑟 𝑑𝑖𝑠𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛𝑠

  𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑢𝑏𝑠𝑐𝑟𝑖𝑏𝑒𝑟 𝑑𝑖𝑠𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛𝑠
     (19) 

If we want to consider each of the above indices along with the 
damages in the objective function, we must either assign appropriate 
weights to the damages in the objective function to ensure the 
associated index is computable or use risk management methods to 
extract and manage risk. The details of these methods are discussed in 
Section 5. 

3.3 Modeling Uncertainty in Renewable Sources 

The scenario-based method is one of the common techniques used 
for modeling uncertainty. Then, using the probability distribution 
function, the likelihood of assigning an undefined parameter to each 
section of the divided curve is calculated. Each section of the curve 
corresponds to a scenario. For example, the curve is divided into k 
sections (scenarios), with the probability of each section denoted by 
Pk. Therefore, the expected value of the undefined parameter is 
represented as:   

𝑦 =∑𝑃𝑖

𝐾

𝑖=1

 𝑋𝑖 (20) 

It should be noted that an increased number of scenarios improves 
the accuracy of the solution method, but it also increases the 
computational burden. 

3.3.1 Relationship Between Uncertainty and Fluctuations in the 

Generation of Renewable Sources 

To demonstrate the uncertainty in this section, the standard 
deviation (σ) and the predicted value of renewable energy generation, 
which includes generation fluctuations (μ), have been used. The 
relationship between these two parameters, based on measurement 
values and tests (as shown in Fig. 3), is described by the equation (21). 
The tests were conducted such that the predicted average wind speed 
for a given year, over several hours, resulted in scenarios that deviated 
significantly from the predicted average. In cases with lower average 
wind speed, the actual wind speed was very close to the predicted 
average, and after increasing the number of tests for each predicted 
wind speed, the standard deviation was calculated. 

𝜎 = 0.231 + 0.197 𝜇  (21) 

As observed from the relationship, for wind sources, the level of 
uncertainty is higher, and there is a strong correlation with the 
predicted average wind speed. This means that at higher wind speeds, 
the level of uncertainty increases by a factor of 0.197, while for solar 
energy sources, the uncertainty is lower than the predicted value. 

3.3.2 Generation of Scenarios for Modeling Uncertainty 

To model the uncertainty in renewable energy sources for 
evaluating the reliability of power systems, the first step involves 
generating a multi-state model for these sources across different hours 
for short-term studies or across different seasons for long-term studies. 

This modeling approach can be executed using a new scenario 
generation method, referred to as LHS (Latin Hypercube Sampling). 

3.3.2.1 Probabilistic Wind Turbine Model 

Since wind turbine units are renewable, they provide rotational 
energy. Previous research has shown that wind speed characteristics 
in a particular location have the highest correlation with a Weibull 
distribution. Therefore, in this study, we assume that the wind speed 
follows a Weibull distribution with the mean wind speed as the 
reference. The probabilistic description of wind speed using a Weibull 
distribution is provided as follows:   

𝑓(𝑣) = (
𝑘

𝑐
) (
𝑣

𝑐
)
(𝑘−1)

  𝑒−(
𝑣
𝑐
)𝑘    0 < 𝑣 < ∞ (22) 

In this, v, k, and c represent the wind speed (in m/s or miles/h), the 

shape factor (dimensionless), and the scale factor (fraction of the 

reference wind speed), respectively. 
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For simplicity, the wind speed distribution is normalized by the 

mean wind speed 𝑣𝑚𝑒𝑎𝑛using a Weibull distribution. Probable 

values from 𝑣𝑚𝑒𝑎𝑛 are considered for a fixed increase until the 

majority of the distribution is encompassed. 

3.3.2.2 Probabilistic Photovoltaic Model 

The photovoltaic (PV) output primarily depends on solar 
irradiation. Since irradiation levels vary throughout the day, PV 
systems, like wind turbines, are classified as renewable energy 
sources. The hourly distribution of solar irradiation at a specific 
location typically follows a bimodal distribution, which can be 
represented as a linear combination of two uni-modal distributions. 
Uni-modal distribution functions can be modeled using Beta, 
Weibull, and log-normal distributions. In this study, a bimodal 
distribution is used based on Equation (2):   

𝑓(𝑔) = 𝜔 (
𝑘1
𝑐1
) (
𝑔

𝑐1
)
(𝑘1−1)

𝑒
−(

𝑔
𝑐1
)
𝑘1

 

+(1 − 𝜔) (
𝑘2
𝑐2
) (
𝑔

𝑐2
)
(𝑘2−1)

𝑒
−(

𝑔
𝑐2
)
𝑘2

 

. 0 < 𝑔 < ∞ 

(23) 

where 𝑔 represents solar irradiation (in kW/m²), 𝜔 denotes the 

weighting factor, k₁ and k₂ are the shape factors, and c₁ and c₂ are 
the scale factors.   

3.4 Probabilistic Photovoltaic Model 

The objective function of this problem is presented by equation 
(24-3), where the current value of the total network cost is 
minimized. 

𝑚𝑖𝑛 = {∑  

𝑡

(1 + 𝐼)−𝑡

𝐼
𝑐𝑡
𝐼 

              + [∑  

𝑡

(1 + 𝐼)−𝑡(𝑐𝑡
𝑀 + 𝑐𝑡

𝐸 + 𝑐𝑡
𝑅

+ 𝑐𝑡
𝑈)+

(1 + 𝐼)−𝑛𝑇

𝐼
(𝑐𝑛𝑇
𝑀 + 𝑐𝑛𝑇

𝐸

+ 𝑐𝑛𝑇
𝑅 + 𝑐𝑛𝑇

𝑈 )]} 

(24) 

which is given by: 

𝑐𝑡
𝐼 = ∑ 𝑅𝑅𝑙 ∑  

𝑘∈𝐾𝑙

∑  

(𝑖.𝑗)∈𝛾𝑙

𝐶𝑘
𝐼.𝑙ℓ𝑖𝑗𝑥𝑖𝑗𝑘𝑡

𝑙

𝑙∈{𝑁𝑅𝐹.𝑁𝐴𝐹}

+ 𝑅𝑅𝑆𝑆 ∑  

𝑖∈Ω𝑆𝑆

𝐶𝑖
𝐼.𝑆𝑆𝑥𝑖𝑡

𝑆𝑆   

+𝑅𝑅𝑁𝑇 ∑  

𝑘∈𝐾𝑁𝑇

∑  

𝑖∈Ω𝑆𝑆

𝐶𝑘
𝐼.𝑁𝑇𝑥𝑖𝑘𝑡

𝑁𝑇 

+∑  

𝑝∈𝑃

𝑅𝑅𝑝 ∑  

𝑘∈𝐾𝑝

∑  

𝑖∈Ω𝑝

𝐶𝑘
𝐼.𝑝
𝑝𝑓𝐺̅𝑘

𝑝
𝑥𝑖𝑘𝑡
𝑝

 

+𝑅𝑅𝑆𝑇 ∑  

𝑘∈𝐾𝑆𝑇

∑  

𝑖∈Ω𝑆𝑇

𝐶𝑘
𝐼.𝑆𝑇𝑝𝑓𝐺̅𝑘

𝑆𝑇𝑥𝑖𝑘𝑡
𝑆𝑇  

         + ∑  

𝑐ℎ∈𝐶𝐻

 𝑅𝑅𝑐ℎ ∑  

𝑘∈𝐾𝑐ℎ

  ∑  

𝑖∈Ω𝑆𝑇

 𝐶𝑘
𝐼,𝑐ℎ𝑝𝑓𝐺‾𝑘

𝑐ℎ𝑥𝑖𝑘𝑡
𝑐ℎ ;  ∀𝑡 ∈ 𝑇 

(25) 

𝑐𝑡
𝑀 =∑  

𝑙∈𝐿

  ∑  

𝑘∈𝐾𝑙

∑  

(𝑖,𝑗)∈𝑌𝑙

 𝐶𝑘
𝑀,𝑙(𝑦𝑖𝑗𝑘𝑡

𝑙 + 𝑦𝑗𝑖𝑘𝑡
𝑙 ) 

+ ∑  

𝑡𝑟∈𝑇𝑅

  ∑  

𝑘∈𝐾𝑡𝑟

  ∑  

𝑖∈Ω𝑠𝑠

 𝐶𝑘
𝑀,𝑡𝑟𝑦𝑖𝑘𝑡

𝑡𝑟  

(26) 

+∑  

𝑝∈𝑃

  ∑  

𝑘∈𝐾𝑝

  ∑  

𝑖∈Ω𝑝

 𝐶𝑘
𝑀,𝑝
𝑦𝑖𝑘𝑡
𝑝

 

+ ∑  

𝑘∈𝐾𝑆𝑇

  ∑  

𝑖∈Ω𝑆𝑇

 𝐶𝑘
𝑀,𝑆𝑇𝑦𝑖𝑘𝑡

𝑆𝑇  

                          + ∑  

𝑐ℎ∈𝐶𝐻

  ∑  

𝑘∈𝐾𝑐ℎ

  ∑  

𝑖∈Ω𝑐ℎ

 𝐶𝑘
𝑀,𝑐ℎ𝑦𝑖𝑘𝑡

𝑐ℎ  ;  ∀𝑡 ∈ T 

𝑐𝑡
𝐸 = ∑  

𝑞∈𝑄

 ∑  

𝑏∈𝐵

  ∑  

𝜔∈Π

 𝜋𝑞𝑏𝜔Δ𝑞𝑏𝑝𝑓 

( ∑  

𝑡𝑟∈𝑇𝑅

  ∑  

𝑘∈𝐾𝑡𝑟

  ∑  

𝑖∈Ω𝑆𝑆

 𝐶𝑡𝑞𝑏𝜔
𝑆𝑆 𝑔𝑖𝑘𝑡𝑞𝑏𝜔

𝑡𝑟  

+∑  

𝑝∈𝑃

  ∑  

𝑘∈𝐾𝑝

  ∑  

𝑖∈Ω𝑝

 𝐶𝑘
𝐸.𝑝
𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑝

 

+ ∑  

𝑘∈𝐾𝑆𝑇

  ∑  

𝑖∈Ω𝑆𝑇

 𝐶𝑘
𝑆𝑇.𝑝𝑟𝑜𝑑

𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇.𝑝𝑟𝑜𝑑

 

                  + ∑  

𝑘∈𝐾𝑆𝑇

  ∑  

𝑖∈Ω𝑆𝑇

 𝐶𝑘
𝑆𝑇. store 𝑔𝑖𝑘𝑡𝑞𝑏𝜔

𝑆𝑇. store ) ; ∀𝑡 ∈ 𝑇 

(27) 

𝑐𝑡
𝑅 = ∑  

𝑞∈𝑄

 ∑  

𝑏∈𝐵

  ∑  

𝜔∈Π

 𝜋𝑞𝑏𝜔Δ𝑞𝑏𝐶𝑡𝑞𝑏𝜔
𝑆𝑆 𝑝𝑓 

( ∑  

𝑡𝑟∈𝑇𝑅

  ∑  

𝑘∈𝐾𝑡𝑟

  ∑  

𝑖∈Ω𝑆𝑆

 𝑍𝑘
𝑡𝑟(𝑔𝑖𝑘𝑡𝑞𝑏𝜔

𝑡𝑟 )
2
 

+∑  𝑙∈𝐿  ∑  𝑘∈𝐾𝑙  ∑  (𝑖.𝑗)∈Υ𝑙  𝑍𝑘
𝑙 ℓ𝑖𝑗(𝑓𝑖𝑗𝑘𝑡𝑞𝑏𝜔

𝑙 + 𝑓𝑗𝑖𝑘𝑡𝑞𝑏𝜔
𝑙 )

2
); 

∀𝑡 ∈ 𝑇 

 

(28) 

𝑐𝑡
𝑈  

= ∑  

𝑞∈𝑄

 ∑  

𝑏∈𝐵

  ∑  

𝜔∈Π

 𝜋𝑞𝑏𝜔Δ𝑞𝑏𝐶
𝑈𝑝𝑓 ∑  

𝑖∈Ω𝑡
𝐿𝑁

 𝑑𝑖𝑡𝑞𝑏𝜔
𝑈  ; ∀𝑡 ∈ 𝑇 (29) 

The objective function consists of three parts. The first part 
represents the current value of the investment cost. This cost is 
incurred over the lifetime of each device, which has been replaced. It 
is assumed that after the end of each device's lifetime in the planning 
horizon, a replacement device will be installed. The second component 
represents the current value of the operating cost, and finally, the third 
component of the objective function (24) represents the operating cost 
after the final stage of the planning horizon, assuming that these 
devices must continue to operate until the end of their lifetime. The 
investment cost is described by equation (25), the maintenance cost by 
equation (26), the production cost by equation (27), the energy loss 
cost by equation (28), and the energy supply cost by equation (29). 
The rate of return on investment is calculated using equation (30), 
which depends on the lifetime of each device. 

𝑅𝑅𝑎 =
𝐼(1 + 𝐼)𝑣

𝑎

((1 + 𝐼)𝑣
𝑎−1)

 (30) 

3.4.2 Constraints 

Initially, the technical constraints of the network, such as the 
operating laws and the limitations on the utilization of devices, are 
presented. Equation (31) represents the power or current balance in 
each branch. The Kirchhoff voltage law is also expressed by equation 
(32). Equation (33) presents the voltage constraint for each branch. 
Equations (34) to (37) describe the current limits for the feeders and 
the production capacity constraints for the power generation units. 
Equation (38) presents the limitation on the penetration of renewable 
energy sources, expressed as a percentage of the total network load. 
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∑ 

𝑙∈𝐿

  ∑  

𝑘∈𝐾𝑙

  ∑  

𝑗∈Ω𝑖
𝑙

  (𝑓𝑖𝑗𝑘𝑡𝑞𝑏𝜔
𝑙 − 𝑓𝑗𝑖𝑘𝑡𝑞𝑏𝜔

𝑙 ) 

= ∑  

𝑡𝑟∈𝑇𝑅

  ∑  

𝑘∈𝐾𝑡𝑟

 𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑡𝑟  

+∑  

𝑝∈𝑃

  ∑  

𝑘∈𝐾𝑝

 𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑝

+ ∑  

𝑘∈𝐾𝑠𝑡

 𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇.𝑝𝑟𝑜𝑑

− ∑  

𝑘∈𝐾𝑠𝑡

 𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇.𝑠𝑡𝑜𝑟𝑒 

−𝐷𝑖𝑘𝑡𝑞𝑏𝜔 − 𝑑𝑖𝑡𝑞𝑏𝜔
𝑈 − 𝑑𝑖𝑡𝑞𝑏𝜔

𝐶𝐻 : 

∀𝑖 ∈ Ω𝑁. ∀𝑡 ∈ 𝑇. ∀𝑞 ∈ 𝑄.∀𝑏 ∈ 𝐵. ∀𝜔 ∈ Π 

 

(31) 

𝑦𝑖𝑗𝑘𝑡
𝑙 [𝑍𝑖𝑗𝑘

𝑙 ℓ𝑖𝑗𝑓𝑖𝑗𝑘𝑡𝑞𝑏𝜔
𝑙 − (𝑣𝑖𝑡𝑞𝑏𝜔 − 𝑣𝑗𝑡𝑞𝑏𝜔)] = 0; 

∀𝑙 ∈ 𝐿.  ∀𝑖 ∈ Ω𝑗
𝑙 . ∀𝑗 ∈ Ω𝑁. ∀𝑘 ∈ 𝐾𝑙 

∀𝑡 ∈ 𝑇. ∀𝑞 ∈ 𝑄. ∀𝑏 ∈ 𝐵. ∀𝜔 ∈ Π 

 

(32) 

𝑉 ≤ 𝑣𝑖𝑡𝑞𝑏𝜔 ≤ 𝑉;‾   

∀𝑖 ∈ Ω𝑁. ∀𝑡 ∈ 𝑇. ∀𝑞 ∈ 𝑄.∀𝑏 ∈ 𝐵. ∀𝜔 ∈ Π 

 

(33) 

0 ≤ 𝑓𝑖𝑗𝑘𝑡𝑞𝑏𝜔
𝑙 ≤ 𝑦𝑖𝑗𝑘𝑡

𝑙 𝐹‾𝑖𝑗𝑘
𝑙 ; 

∀𝑙 ∈ 𝐿. ∀𝑖 ∈ Ω𝑗
𝑙 . ∀𝑗 ∈ Ω𝑁. ∀𝑘 ∈ 𝐾𝑙 . 

∀𝑡 ∈ 𝑇. ∀𝑞 ∈ 𝑄. ∀𝑏 ∈ 𝐵. ∀𝜔 ∈ Π 

 

(34) 

0 ≤ 𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑡𝑟 ≤ 𝑦𝑖𝑘𝑡

𝑡𝑟 𝐺‾𝑘
𝑡𝑟; 

∀𝑡𝑟 ∈ 𝑇𝑅.∀𝑖 ∈ Ω𝑆𝑆. ∀𝑗 ∈ Ω𝑁 . ∀𝑘 ∈ 𝐾𝑁𝑇 . 

 

(35) 

∀𝑡 ∈ 𝑇. ∀𝑞 ∈ 𝑄. ∀𝑏 ∈ 𝐵. ∀𝜔 ∈ Π  

0 ≤ 𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑝

≤ 𝑦𝑖𝑘𝑡
𝑝
𝐺̂𝑖𝑘𝑡𝑞𝑏𝜔
𝑝

;  

∀𝑝 ∈ 𝑃. ∀𝑖 ∈ Ω𝑝. ∀𝑘 ∈ 𝐾𝑝. 

∀𝑡 ∈ 𝑇. ∀𝑞 ∈ 𝑄. ∀𝑏 ∈ 𝐵. ∀𝜔 ∈ Π 

 

(36) 

0 ≤ 𝑑𝑖𝑡𝑞𝑏𝜔
𝑈 ≤ 𝑑𝑖𝑡𝑞𝑏𝜔 + 𝑑𝑖𝑡𝑞𝑏𝜔

𝐶𝐻 ; 

∀𝑖 ∈ Ω𝑁. ∀𝑡 ∈ 𝑇. ∀𝑞 ∈ 𝑄.∀𝑏 ∈ 𝐵. ∀𝜔 ∈ Π 

 

(37) 

∑ 

𝑝∈𝑃

  ∑  

𝑘∈𝐾𝑝

  ∑  

𝑖∈Ω𝑝

 𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑝

 

+ ∑  

𝑘∈𝐾𝑆𝑇

  ∑  

𝑖∈Ω𝑆𝑇

  (𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇.𝑝𝑟𝑜𝑑

− 𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇.𝑠𝑡𝑜𝑟𝑒) 

≤ 𝜀( ∑  

𝑖∈𝜔𝑡
𝐿𝑁

 𝐷𝑖𝑡𝑞𝑏𝜔 + 𝑑𝑖𝑡𝑞𝑏𝜔
𝑐𝐻 ) ; 

∀𝑡 ∈ 𝑇. ∀𝑞 ∈ 𝑄. ∀𝑏 ∈ 𝐵. ∀𝜔 ∈ Π 

(38) 

The amount of charging or discharging power of the energy 
storage system is limited by its capacity, as modeled in equations 
(39) to (40). Additionally, at any given moment, the energy storage 
system can only be in one of two states: charging or discharging, 
which is described in equation (41). 

𝐺𝑘
𝑆𝑇𝑢𝑖𝑘𝑡𝑞𝑏𝜔

𝑆𝑇.𝑝𝑟𝑜𝑑
≤ 𝑔𝑖𝑘𝑡𝑞𝑏𝜔

𝑆𝑇.𝑝𝑟𝑜𝑑
≤ 𝐺‾𝑘

𝑆𝑇.𝑝𝑟𝑜𝑑
𝑢𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇.𝑝𝑟𝑜𝑑

; 

∀𝑖 ∈ Ω𝑆𝑇 . ∀𝑘 ∈ 𝐾𝑆𝑇 . ∀𝑡 ∈ 𝑇. ∀𝑞 ∈ 𝑄. ∀𝑏 ∈ 𝐵. ∀𝜔 ∈ Π 
(39) 

 

𝐺𝑘
𝑆𝑇𝑢𝑖𝑘𝑡𝑞𝑏𝜔

𝑆𝑇. store ≤ 𝑔𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇. store ≤ 𝐺‾𝑘

ST,prod 
𝑢𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇. store ; 

∀𝑖 ∈ Ω𝑆𝑇 . ∀𝑘 ∈ 𝐾𝑆𝑇 . ∀𝑡 ∈ 𝑇. ∀𝑞 ∈ 𝑄. ∀𝑏 ∈ 𝐵. ∀𝜔 ∈ Π 

 

(40) 

𝑢𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇,𝑝𝑟𝑜𝑑

+ 𝑢𝑖𝑘𝑡𝑞𝑏𝜔
𝑆𝑇, store ≤ 𝑦𝑖𝑘𝑡

𝑆𝑇 ; 

∀𝑖 ∈ Ω𝑆𝑇 . ∀𝑘 ∈ 𝐾𝑆𝑇 . ∀𝑡 ∈ 𝑇. ∀𝑞 ∈ 𝑄. ∀𝑏 ∈ 𝐵. ∀𝜔 ∈ Π 
(41) 

The constraint on investment and the use of each device is 
described in equations (42) to (47). In equations (48) and (49), the new 
transformers, in the case of the expansion of the charging station in the 
previous phase, will be added to the system. 

∑ 

𝑡∈𝑇

  ∑  

𝑘∈𝐾𝑙

 𝑥𝑖𝑗𝑘𝑡
𝑙 ≤ 1; ∀𝑙 ∈ {𝑁𝑅𝐹.𝑁𝐴𝐹}. ∀(𝑖. 𝑗) ∈ Υ𝑙  (42) 

∑ 

𝑡∈𝑇

  𝑥𝑖𝑡
𝑆𝑆 ≤ 1;∀𝑖 ∈ Ω𝑆𝑆 (43) 

∑ 

𝑡∈𝑇

  ∑  

𝑘∈𝐾𝑁𝑇

  𝑥𝑖𝑘𝑡
𝑁𝑇 ≤ 1;∀𝑖 ∈ Ω𝑆𝑆 (44) 

∑ 

𝑡∈𝑇

  ∑  

𝑘∈𝐾𝑝

  𝑥𝑖𝑘𝑡
𝑝
≤ 1;∀𝑝 ∈ 𝑃. ∀𝑖 ∈ Ω𝑝 (45) 

∑ 

𝑡∈𝑇

  ∑  

𝑘∈𝐾𝑆𝑇

 𝑥𝑖𝑘𝑡
𝑆𝑇 ≤ 1; ∀𝑖 ∈ Ω𝑆𝑇 (46) 

∑ 

𝑡∈𝑇

  ∑  

𝑘∈𝐾𝑐ℎ

  𝑥𝑖𝑘𝑡
𝑐ℎ ≤ 1;∀𝑐ℎ ∈ 𝐶𝐻. ∀𝑖 ∈ Ω𝑐ℎ (47) 

𝑥𝑖𝑘𝑡
𝑁𝑇 ≤∑  

𝑡

𝜏=1

  𝑥𝑖𝜏
𝑆𝑆; ∀𝑖 ∈ Ω𝑆𝑆. ∀𝑘 ∈ 𝐾𝑁𝑇; ∀𝑡 ∈ 𝑇 (48) 

𝑥𝑖𝑘𝑡
𝐴𝐶𝐻 ≤∑  

𝑡

𝜏=1

  𝑥𝑖𝑘𝜏
𝑁𝐶𝐻; ∀𝑖 ∈ Ω𝐴𝐶𝐻. ∀𝑘 ∈ 𝐾𝐴𝐶𝐻; ∀𝑡 ∈ 𝑇 (49) 

Equations (50) to (52) model the operation of utilizing new feeders 
and existing feeders by specifying the direction of flow in each feeder. 
In fact, equation (52) makes the use of an existing feeder impossible in 
the case of replacing a feeder. Additionally, the possibility of utilizing 
new transformers, new generators, batteries, electric vehicles, and 
charging stations is modeled in equations (53) to (56). 

𝑦𝑖𝑗𝑘𝑡
𝐸𝐹𝐹 + 𝑦𝑗𝑖𝑘𝑡

𝐸𝐹𝐹 ≤ 1;∀(𝑖. 𝑗) ∈ Υ𝐸𝐹𝐹. ∀𝑘 ∈ 𝐾𝐸𝐹𝐹 . ∀𝑡 ∈ 𝑇 (50) 

𝑦𝑖𝑗𝑘𝑡
𝑙 + 𝑦𝑗𝑖𝑘𝑡

𝑙 ≤∑  

𝑡

𝜏=1

  𝑥𝑖𝑗𝑘𝜏
𝑙 ; 

∀𝑙 ∈ {𝑁𝑅𝐹.𝑁𝐴𝐹}. ∀(𝑖. 𝑗) ∈ Υ𝑙 . ∀𝑘 ∈ 𝐾𝑙 . ∀𝑡 ∈ 𝑇 

 

(51) 

𝑦𝑖𝑗𝑘𝑡
𝐸𝑅𝐹 + 𝑦𝑗𝑖𝑘𝑡

𝐸𝑅𝐹 ≤ 1 −∑  

𝑡

𝜏=1

  ∑  

𝜅∈𝐾𝑁𝑅𝐹

 𝑥𝑖𝑗𝜅𝜏
𝑁𝑅𝐹; 

∀(𝑖. 𝑗) ∈ Υ𝐸𝑅𝐹 . ∀𝑘 ∈ 𝐾𝐸𝑅𝐹 . ∀𝑡 ∈ 𝑇 

 

(52) 

𝑦𝑖𝑘𝑡
𝑁𝑇 ≤∑  

𝑡

𝜏=1

 𝑥𝑖𝑘𝜏
𝑁𝑇; ∀𝑖 ∈ ΩSS. ∀𝑘 ∈ 𝐾𝑁𝑇 . ∀𝑡 ∈ 𝑇 (53) 

𝑦𝑖𝑘𝑡
𝑆𝑇 ≤∑  

𝑡

𝜏=1

 𝑥𝑖𝑘𝜏
𝑆𝑇 ; ∀𝑖 ∈ ΩST. ∀𝑘 ∈ 𝐾𝑆𝑇 . ∀𝑡 ∈ 𝑇 (54) 

𝑦𝑖𝑘𝑡
𝑆𝑇 ≤∑  

𝑡

𝜏=1

 𝑥𝑖𝑘𝜏
𝑆𝑇 ; ∀𝑖 ∈ ΩST. ∀𝑘 ∈ 𝐾𝑆𝑇 . ∀𝑡 ∈ 𝑇 (55) 

𝑦𝑖𝑘𝑡
𝑐ℎ ≤∑  

𝑡

𝜏=1

 𝑥𝑖𝑘𝑡
𝑐ℎ ; ∀𝑐ℎ ∈ 𝐶𝐻. ∀𝑖 ∈ Ω𝑐ℎ. ∀𝑘 ∈ 𝐾𝑐ℎ . ∀𝑡 ∈ 𝑇 (56) 

In equation (56), the total investment amount at each stage is 



 Journal of Energy Management and Technology (JEMT)        Vol. 10, Issue 1         54 

 

Research Article 

limited to the budget of each stage. 

∑  

𝑙∈{𝑁𝑅𝐹,𝑁𝐴𝐹}

  ∑  

𝑘∈𝐾𝑙

  ∑  
(𝑖𝑗)∈𝑌∧𝑙

 𝐶𝑘
𝐼.ℓ𝑖𝑗𝑥𝑖𝑗𝑘𝑡

𝑙  

+ ∑  

𝑖∈Ω𝑆𝑆

 𝐶𝑖
𝐼.𝑆𝑆𝑥𝑖𝑡

𝑆𝑆 + ∑  

𝑘∈𝐾𝑁𝑇

  ∑  

𝑖∈Ω𝑆𝑆

 𝐶𝑘
𝐼.𝑁𝑇𝑥𝑖𝑘𝑡

𝑁𝑇 

+∑  

𝑝∈𝑃

  ∑  

𝑖∈Ω𝑝

 𝐶𝑘
𝐼.𝑝
𝑝𝑓𝐺‾𝑘

𝑝
𝑥𝑖𝑘𝑡
𝑝
+∑  

𝑝∈𝑃

  ∑  

𝑖∈Ω𝑆𝑇

 𝐶𝑘
𝐼.𝑆𝑇𝑝𝑓𝐺‾𝑘

𝑆𝑇𝑥𝑖𝑘𝑡
𝑆𝑇  

+ ∑  

𝑐ℎ∈𝐶𝐻

  ∑  

𝑖∈Ω𝑐ℎ

 𝐶𝑘
𝐼.𝑐ℎ𝑝𝑓𝐺‾𝑘

𝑐ℎ𝑥𝑖𝑘𝑡
𝑐ℎ ≤ 𝐼𝐵𝑡; ∀𝑡 ∈ 𝑇 

(57) 

In order to achieve a distributed configuration, equation (57) 
allows only one flow entry path per load group. In equation (58), 
other groups are also restricted to a flow entry from only one branch. 
Constraints (59) to (67) prevent the disconnection of generators, 
which must be implemented through the load and network in case of 

necessity. 

∑ 

𝑙∈𝐿

  ∑  

𝑖∈Ω𝑗
𝑙

  ∑  

𝑘∈𝐾𝑙

 𝑦𝑖𝑗𝑘𝑡
𝑙 = 1;∀𝑗 ∈ Ω𝑡

𝐿𝑁. ∀𝑡 ∈ 𝑇 
(58) 

∑ 

𝑙∈𝐿

  ∑  

𝑖∈Ω𝑗
𝑙

  ∑  

𝑘∈𝐾𝑙

 𝑦𝑖𝑗𝑘𝑡
𝑙 ≤ 1;∀𝑗 ∉ Ω𝑡

𝐿𝑁. ∀𝑡 ∈ 𝑇 
(59) 

∑ 

𝑙∈𝐿

  ∑  

𝑘∈𝐾𝑙

  ∑  

𝑗∈Ω𝑖
𝑙

  (𝑓𝑖𝑗𝑘𝑡
𝑙 − 𝑓𝑗𝑖𝑘𝑡

𝑙 ) = 

𝑔̃𝑖𝑡
𝑆𝑆 − 𝐷̃𝑖𝑡; ∀𝑖 ∈ Ω

𝑁. ∀𝑡 ∈ 𝑇 

 

(60) 

0 ≤ 𝑓𝑖𝑗𝑘𝑡
𝐸𝐹𝐹 ≤ 𝑛𝐷𝐺; ∀𝑖 ∈ Ω𝑗

𝐸𝐹𝐹 . 

∀𝑗 ∈ Ω𝑁. ∀𝑘 ∈ 𝐾𝐸𝐹𝐹 . ∀𝑡 ∈ 𝑇 

 

(61) 

0 ≤ 𝑓𝑖𝑗𝑘𝑡
𝐸𝑅𝐹 ≤ (1 −∑  

𝑡

𝜏=1

  ∑  

𝜅∈𝐾𝑁𝑅𝐹

  𝑥𝑖𝑗𝜅𝜏
𝑁𝑅𝐹)𝑛𝐷𝐺; 

∀(𝑖. 𝑗) ∈ Υ𝐸𝐹𝐹 . ∀𝑘 ∈ 𝐾𝐸𝑅𝐹 . ∀𝑡 ∈ 𝑇 

 

(62) 

0 ≤ 𝑓𝑗𝑖𝑘𝑡
𝐸𝑅𝐹 ≤ (1 −∑  

𝑡

𝜏=1

  ∑  

𝜅∈𝐾𝑁𝑅𝐹

  𝑥𝑖𝑗𝜅𝜏
𝑁𝑅𝐹)𝑛𝐷𝐺; 

∀(𝑖. 𝑗) ∈ Υ𝐸𝐹𝐹 . ∀𝑘 ∈ 𝐾𝐸𝑅𝐹 . ∀𝑡 ∈ 𝑇 

(63) 

0 ≤ 𝑓𝑖𝑗𝑘𝑡
𝑙 ≤ (∑  

𝑡

𝜏=1

  𝑥𝑖𝑗𝑘𝜏
𝑙 )𝑛𝐷𝐺; ; 

∀𝑙 ∈ {𝑁𝑅𝐹.𝑁𝐴𝐹}. ∀(𝑖. 𝑗) ∈ Υ𝑙 . ∀𝑘 ∈ 𝐾𝑙 . ∀𝑡 ∈ 𝑇 

(64) 

 

0 ≤ 𝑓𝑗𝑖𝑘𝑡
𝑙 ≤ (∑  

𝑡

𝜏=1

 𝑥𝑖𝑗𝑘𝜏
𝑙 )𝑛𝐷𝐺; 

∀𝑙 ∈ {𝑁𝑅𝐹.𝑁𝐴𝐹}. ∀(𝑖. 𝑗) ∈ Υ𝑙 . ∀𝑘 ∈ 𝐾𝑙 . ∀𝑡 ∈ 𝑇 

(65) 

0 ≤ 𝑓𝑖𝑗𝑘𝑡
𝐸𝑅𝐹 ≤ (1 −∑  

𝑡

𝜏=1

  ∑  

𝜅∈𝐾𝑁𝑅𝐹

  𝑥𝑖𝑗𝜅𝜏
𝑁𝑅𝐹)𝑛𝐷𝐺; 

∀(𝑖. 𝑗) ∈ Υ𝐸𝐹𝐹 . ∀𝑘 ∈ 𝐾𝐸𝑅𝐹 . ∀𝑡 ∈ 𝑇 

 

(66) 

0 ≤ 𝑔̃𝑖𝑡
𝑆𝑆 ≤ 𝑛𝐷𝐺; ∀𝑖 ∈ Ω

𝑆𝑆. ∀𝑡 ∈ 𝑇 (67) 

𝐷̃𝑖𝑡 = {
1;∀𝑖 ∈ Ω𝑡

𝐿𝑁. ∀𝑡 ∈ 𝑇

0; ∀𝑖 ∉ Ω𝑡
𝐿𝑁. ∀𝑡 ∈ 𝑇

 (68) 

transfer limitation in 15-minute intervals is modeled in equation 
(68). 

∑ 

𝑏

  [Δ𝑞𝑏 (𝜂𝑖
𝑆𝑇. store 𝑔iktqb 𝜔

𝑆𝑇. store − (
1

𝜂𝑖
𝑆𝑇.𝑝𝑟𝑜𝑑

)𝑔iktqb 𝜔
𝑆𝑇.𝑝𝑟𝑜𝑑)] 

= 0; ∀𝑖 ∈ Ω𝑆𝑇. ∀𝑘 ∈ 𝐾𝑆𝑇. 

∀𝑡 ∈ 𝑇. ∀𝑞 ∈ 𝑄. ∀𝜔 ∈ Π 

(69) 

Finally, equations (69) and (70) define the power capacity 
constraints for the electric vehicles in each group and across the entire 
network, respectively. 

0 ≤ 𝑑𝑖𝑡𝑞𝑏𝜔
𝑐ℎ ≤ 𝐺‾𝑘

𝑐ℎ𝑦𝑖𝑘𝑡
𝑐ℎ ; (69) 

∑  

𝑐ℎ∈𝐶𝐻

  ∑  

𝑖∈Ω𝑐𝐻

 𝑑𝑖𝑡𝑞𝑏𝜔
𝑐ℎ = dem𝑡𝑞𝑏𝜔

𝐸𝑉 ; ∀𝑡 ∈ 𝑇. ∀𝑏

∈ 𝐵. ∀𝑞 ∈ 𝑄. ∀𝜔 ∈ Π 

(70) 

3.5 Equipment Model 

In the previous section, the performance and limitations of the 
network expansion problem were studied. In the objective functions 
and constraints of the problem, governing equations for production, 
load balance, and other components for generation sources and storage 
systems were provided. In this section, a detailed model for the 
production of wind, solar, and electric vehicles is presented. It should 
be noted that the governing equations for storage devices are equations 
(10) and (11). It is important to know the amount of hydrogen at each 
pressure that is converted into a specific amount of electrical energy. 

3.5.1 Wind Source 

Considering the wind speed distribution and the relation between 
wind speed and power, the power distribution of the wind turbine can 
be determined. 

In the conclusion of this paper, the power conversion relationship 
is described as follows: 

𝜔 =

{
 

 
0.  for 𝑣 < 𝑣𝑖 and 𝑣 > 𝑣𝑜

𝜔𝑟(𝑣 − 𝑣𝑖)

(𝑣𝑟 − 𝑣𝑖)
.  for 𝑣𝑖 ≤ 𝑣 ≤ 𝑣𝑟

𝜔𝑟 .  for 𝑣𝑟 ≤ 𝑣 ≤ 𝑣𝑜

 (71) 

In which 𝜔, 𝜔𝑟, 𝑣𝑖, 𝑣𝑟, and 𝑣𝑜represent the output power of the 
wind turbine (kW), rated power, minimum wind speed, rated wind 
speed, and maximum wind speed, respectively. 

3.5.2 Thermal Power Source 

Considering the distribution of radiation and the conversion of 
radiation to power, the distribution of PV power can be obtained. The 
conversion of radiation to power used in this paper is expressed as: 

𝑝 = 𝜂𝑃𝑉𝑆𝑃𝑉𝑔 (72) 

Where 𝑝 represents the output power of the PV system (kW), 

𝜂𝑃𝑉denotes the efficiency (%), and 𝑆𝑃𝑉refers to the total area of the PV 
system (m²). 

3.5.3 Electric Vehicles 

Here, the objective functions defined in the previous section 
remain unchanged, while only the constraints related to line current 
limits and bus voltage levels are added to the network from this section. 
The subsequent sections will present the exact mathematical model for 
these loads. 

The objective of this study is to determine the charging and 
discharging rates of electric vehicles (EVs) in a radial distribution 
network. It is assumed that the charging and discharging rates of EVs 
are centrally controlled and can be adjusted to any possible value 
within a given continuous range. The energy stored in the vehicle 
battery, measured in kilowatt-hours (kWh), is used as an indicator of 



 Journal of Energy Management and Technology (JEMT)        Vol. 10, Issue 1         55 

 

Research Article 

the battery's state of charge. The stored energy in the battery of 
vehicle k-th at time t must satisfy condition (73).   

Additionally, the stored energy in a battery at each hour is 
calculated using equation (74). 

0 ≤ 𝑠𝑘(𝑡) ≤ 𝑠
max (73) 

𝑠𝑘(𝑡) = 𝑠𝑘(𝑡 − 1) + 𝜏𝑉nom𝑥𝑘.𝑡Δ𝑡. 𝑘 ∈ 𝒦. 𝑡 ∈ 𝒯 (74) 

The voltage 𝑉nom is the nominal voltage of the network, and 𝑥𝑘.𝑡, 
is the current supplied to the vehicle. Δ𝑡 is the time step of the 

discrete time intervals, and 𝜏 is the efficiency factor (we use 0.9 as a 
typical value) which accounts for the AC/DC current conversion and 
losses in the battery charging process. The voltage at the connection 
point is typically not more than 5% different from the nominal 
voltage. 

A. Nominal Capacity of Transformers 

Transformers have a nominal capacity of power, 𝑃𝑇𝑥
max, which 

must be maintained within reasonable limits. Exceeding this capacity 
may cause a reduction in the transformer’s lifespan. However, most 
transformers are designed to tolerate up to 130% of their nominal 

capacity 𝑃𝑇𝑥
max, for a limited period before the cooling system 

stabilizes. This limit is defined based on a step-by-step analysis and 
can be expressed as: 

𝑉𝑇.𝑥𝑥𝜙.𝑡 ≤
1

3
𝑃𝑇𝑥
max × 130%.       𝜙 ∈ {𝐴. 𝐵. 𝐶} (75) 

B. Nominal Current Capacity of Lines 

Electric lines have various limitations, the most important of 
which is the current capacity. If this capacity is exceeded, the cable 
may be damaged. Let us assume that cable i has a maximum capacity 

of 𝑃𝑖
max. In the network under study, both the main lines and service 

lines typically have different technical specifications. Therefore, 
separate limitations are applied to each section of the main lines, and 
finally, individual limitations are applied to each service line in the 
network: 

Backbone:  𝑥𝜙.𝑡 ≤ 𝑥𝜙
max. 𝜙 ∈ {𝐴. 𝐵. 𝐶} 

Service Lines: 𝑥𝑘.𝑡
tot ≤ 𝑥𝑘

max. ∀𝑘 ∈ 𝒦 
(76) 

C. Voltage Drop 

The voltage must be maintained within upper and lower limits at 
every connection point. If these limits are not respected, the 
household loads may experience adverse effects. 

Consider the simplified electrical network, where each load 𝑆𝑖 
consists of a combination of household and electric vehicle loads, all 
of which are connected to a single phase. The total voltage drops, 

𝑉drop, of the transformer at a household can be estimated by 
considering the equivalent circuit: 

𝑉4
drop 

= (𝐼2 + 𝐼3 + 𝐼4)𝑧12 + (𝐼3 + 𝐼4)𝑧23 + 𝐼4𝑧34 (77) 

And typically, in house ℎ 

𝑉ℎ
drop 

=∑  

ℎ

𝑗=1

 (𝐼𝑗∑ 

𝑗

𝑘=1

 𝑧𝑘−1.𝑘) (78) 

since 𝐼𝑗 is a combination of the existing households and the 

electric vehicle load, and since we are modeling a network that 
primarily exhibits resistance, a linear expression will be obtained. 

The voltage limit in each house ℎ and at each future time interval 
will be as follows: 

0 ≤ 𝑠𝑘(𝑡) ≤ 𝑠
max (79) 

D. Battery 

It is important to avoid exceeding the maximum battery 
capacity. This is expressed under the following condition: 

In addition, these batteries have both a minimum and maximum 
charging current limit, which must be adhered to in order to protect the 
battery and ensure appropriate charging efficiency. 

𝑥min < 𝑥𝑘.𝑡 < 𝑥
max (80) 

E. Charging Algorithms  

Each vehicle has an algorithm to reach up to 95% of its maximum 

energy storage capacity within a limited time, denoted as 𝑇𝑘, starting 
from the moment charging begins: 

𝑆k(0) +∑  

𝑇𝑘

𝑡=0

 𝜏𝑥𝑘.𝑡𝑉nomΔ𝑡 > 0.95 × 𝑆
max (81) 

3.6 Solution Method 

As we know, optimization problems encompass a wide range of 
engineering challenges in power systems, especially in scheduling and 

operational studies. Therefore, the optimization of solution methods is 
one of the main challenges in power system engineering, depending on 
the type of problem (linear, nonlinear, continuous, discrete, etc.) and 
the required solution time (online or offline). Various methods have 
been proposed to address these issues. Considering the nature of multi-
objective problems, optimization methods for multi-objective 
problems and the approach to selecting the optimal final solution are 
provided in the feasible solution space. 

3.6.1 Multi-Objective Optimization 

In general, optimization involves finding the best solution from a 
set of available options (considering the constraints of the problem), 
with the goal of optimizing a single or multiple objective. Multi-
objective optimization problems are a Multi Criteria Decision Making 
(MCDM), where an optimal solution is obtained from a set of possible 
solutions. In these types of problems, unlike single-objective problems, 
due to the existence of multiple objectives, a set of possible solutions 
is obtained: 

min𝑓(𝑥) = {𝑓1(𝑥). … . 𝑓𝑛(𝑥)} (82) 

𝑔(𝑥) ≤ 0 

ℎ(𝑥) = 0 
(83) 

When calculating each new response, it is necessary to assess 
whether it is better or worse compared to the existing responses. The 
concept of dominance is defined such that response A dominates 
response B if there is no response worse than A and at least one 
objective function is better for response A than for response B. If such 
a condition is met for a new response B, it is removed from the set of 
responses, otherwise, it is added to the set of existing responses. 

The selection method follows the max-min rule as described in 
equation (84). In this method, the minimum objective function value is 
applied to each of the non-dominated responses to obtain the smallest 
possible objective value for each response. Hence, for each response, 
an objective function is chosen, and from these values, the maximum 
possible value is selected. This maximum value corresponds to each 
response from the set of non-dominated solutions. The chosen value is 
as follows: 

max (min
𝑘
 {𝑓1.𝑘. 𝑓2.𝑘 . … . 𝑓𝑛𝑝.𝑘} (84) 

In this relationship, k refers to the number of objectives and np 
refers to the number of responses in the Pareto front. The selection 
method with the ranking method is based on the objective functions 
according to equations (85) to (87). If the goal is to maximize the 
objective, equation (85) is used for normalization, and if the goal 
should be minimized, equation (86) is applied. After normalizing each 
objective for every response, a final membership function for each 
objective is obtained according to equation (87), which is used to 
determine the best possible response until an optimal solution is found. 
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𝜇𝑖
𝑘 =

𝑓𝑖
max − 𝑓𝑖

𝑘

𝑓𝑖
max − 𝑓𝑖

min
 (85) 

𝜇𝑖
𝑘 =

𝑓𝑖
𝑘 − 𝑓𝑖

min

𝑓𝑖
max − 𝑓𝑖

min
 (86) 

𝜇𝑘 =
∑  
𝑛𝑝
𝑖=0   𝜇𝑖

𝑘

∑  𝑛𝑘
𝑘=0  ∑  

𝑛𝑝
𝑖=0   𝜇𝑖

𝑘
 (87) 

In this paper, the max-min method will be used to select the final 
response. The overall flowchart of the proposed method is given in 
Fig. 1. 

4. Results and Analysis 

In order to assess the performance of the proposed algorithm, 
the model must be applied to a real system. In this section, the 
proposed model is applied to a system with a primary feeder, and 

the actions taken and the results of the study are presented. The 
stages of the study follow the steps of the proposed algorithm in a 
sequential manner. The results from each stage are provided and 
analyzed. Finally, considering that the present paper problem is a 
multi-objective problem, a Pareto space has been derived for 
different objectives that have been analyzed, and the optimal 
selection for the network is based on the technical and budgetary 
constraints and user preferences. The simulations are performed on 
a hardware with the following features: (PC with Intel i7 CPU, 
16GB RAM). 

4.1 Results and Analysis 

As mentioned, the numerical studies in this paper have been 
conducted on two standardized radial distribution systems. Initially, 
the study was performed on a small and simple network, and then the 
proposed model was applied to a larger network. In order to 
demonstrate the impact of distributed generation sources and electric 
vehicles on the system expansion, the study was conducted on two 
systems in three scenarios, which include the following: 

• First Scenario: Without considering the electric vehicles, solving 
the problem as a single-objective optimization. 

• Second Scenario: Without considering the electric vehicles, 
solving the problem as a multi-objective optimization. 

• Third Scenario: Considering the electric vehicles, solving the 
problem as a single-objective optimization. 

 

Fig. 1. Overall flowchart of the proposed solution method 

 

Fig. 2. Overall flowchart of the proposed Solution method 

It is assumed that the battery capacity in the blocks is 10-megawatt 
amperes (for example, each transformer for increasing the capacity has 
a 10-megawatt ampere capacity), and the cost is $2 million. Also, the 
cost of purchasing power from the higher-level network (over the 
distribution network) for the high-voltage network is assumed to be 

$70 per megawatt-hour. For the distributed generation sources, it is 
assumed that they are of the wind and solar types, and the capital 
investment and operating costs for them are assumed to be $5 million 
per megawatt and $70 per megawatt-hour, respectively. Finally, the 
study horizon and the rate of return are assumed to be 4 years and 
12.5%, respectively. In the third scenario, information related to 
electric vehicles will be provided and then the expansion of the 
network, considering this information, will be conducted. 

4.1.1 Network with 9-bus 

The topology of this network is shown in Fig. 2. The above-
distributed bus-bar (32.133K Watt) is specified with number 1 in the 
diagram. The capacity of the existing bus-bar is 40 megawatts, and the 
growth rate target is 28% per year. The permissible voltage range is 
considered to be between 95% and 105%. 

In this section, the study has been conducted in two forms. Initially, 
the study was carried out as a single-objective analysis, considering 
individual objectives, and then the study was extended to a multi-
objective analysis. Additionally, in order to demonstrate the effect of 
considering the sources of generation of disturbances in the issue of 
distribution network expansion, each of the studies was conducted in 
two forms: with and without considering the sources of generation of 
disturbances. 

4.1.1.1 Single Objective 

The results of this study for both cases, with and without 
considering Distributed Generation (DG), are presented in Tables 1 
and 2. Table 1 presents the values of the objective functions, and Table 
2 presents the values of the decision variables of the problem 
(selection of equipment for expansion). It is worth mentioning that the 
total population in this study is 100, and the number of repetitions is 
also considered to be 100. The capacity of each generation source in 
this case is assumed to be 5 megawatts, with a purchase and 
installation cost of 5 million dollars. Also, the purchase and 
installation cost of each 10-megawatt bus-bar is assumed to be 10 
million dollars. It should be noted that, in practice, the cost of 
developing a bus-bar is lower compared to the cost of the generation 
sources, but due to the fact that the study is conducted on the 
distribution network, the land cost is higher, and in the case of high 
land costs, gas-based backup units must be installed, with the 
construction cost being high as well. Another point is that the objective 
of the study without DG is purely based on costs, as if the generation 
source is not installed in the network, it will have no impact on losses 
or voltage. 

4.1.1.2 Multi-Objective 

By Pareto optimal solutions, we mean solutions where none of 
them is superior to the others in all objectives. For example, the Pareto 



 Journal of Energy Management and Technology (JEMT)        Vol. 10, Issue 1         57 

 

Research Article 

front of these solutions is shown in Table 3, where a careful 
examination of the objective function values reveals that none of the 
solutions is superior to the others in all objectives. This defines the 
set of Pareto optimal solutions. It should be noted that in this study, 
the number of Pareto set members is 1000, and the number of 
populations and repetitions is assumed to be the same as in the 
previous case. Fig. 3 illustrates the graphical representation of the 

Pareto front space of solutions 

Table 1. Objective function values for network 9 based on the single 
objective solution 

Objective function considered with 

DG 

Without 

DG 
 

losses 
Voltage 

deviation 
Cost Cost 

80 80 45 20 
Expansion cost 

(M$) 

0.2223 0.2223 0.30986 0.36986 
Voltage 

deviation (%) 

0.5987 0.5987 1.0011 1.5077 Losses (MW) 

 

Table 2. Objective function values for network 9 based on the single 
objective solution 

Objective function considered with DG Without 

DG Loss Voltage deviation Cost 

D
G

 

L
o

catio
n
 

T
r 

L
o

catio
n
 

D
G

 

L
o

catio
n
 

T
r 

L
o

catio
n
 

D
G

 

L
o

catio
n
 

T
r 

L
o

catio
n
 

P
o

st 

L
o

catio
n
 

4 3 - - 4 3 - - 1 2 1 1 2 1 

4 5 - - 4 5 - - 4 3 - - 

 
4 7 - - 4 7 - - 1 5 - - 

4 9 - - 4 9 - - 1 6 - - 

- - - - - - - - 2 9 - - 
 

Table 3. Values of objective function variables and equipment for 
network 9 bus on multi-objective solution 

 
Answer 

1 

Answer 

2 

Answer 

3 

Answer 

4 

Answer 

5 

Answer 

6 

Expansion cost 

(M$) 
55 60 65 80 80 80 

Voltage 

deviation (%) 
0.3059 0.2742 0.2652 0.2323 0.2342 0.2223 

Losses (MW) 1.0011 0.8256 0.7716 0.6444 0.6357 0.5987 

Post 1 0 0 0 0 0 

Generator 9 12 13 16 16 16 

Node number Number of DGs 

2 1 1 1 1 1 0 

3 4 4 4 4 4 4 

4 0 0 0 0 0 0 

5 1 2 2 4 3 4 

6 0 0 0 0 0 0 

7 1 2 2 3 4 4 

8 0 0 0 0 0 0 

9 2 3 3 4 4 4 

4.1.2 Network with 30 Bus 

The next set of studies involves the distribution network 30 with 
a bus-bar voltage of 11.63 kV, as shown in Fig. 3. The existing bus-
bar capacity is 12 MVA, with a load demand of 10.244 MW and a 
forecast load in the year 13.291 MW. The capacity of the generation 

source ranges from 1.0 MW and a maximum feasible installation in 
each group is assumed to be 0.3 MW. The capacity of the expandable 
bus-bar is 10 MVA, and the allowable voltage range is between 90% 
and 110%. The scenario simulations for the wind and solar energy 
conditions are presented in Figs. 5 and 6. The probability associated 
with each scenario is provided in Table 4. In Figs. 5 and 6, the scenario 
quantities are based on the average capacity of the wind turbine and 
the solar photovoltaic cell. Each of the sources has an average capacity 
of 1 megawatt, with an installation and procurement cost of 2 million 
dollars considered. Additionally, the installation and procurement cost 
of each 4-megawatt wind farm is assumed to be 4 million dollars. 

In the continuation of the study results, two primary case studies 
are included: one without electric vehicle charging and one where 
electric vehicle charging is considered. In the case where electric 
vehicles are not considered, the study mirrors the previous two 
scenarios: single-target and multi-target modes. For all studies in this 
section, a population of 150 and a repetition rate of 400 are assumed. 
In the multi-target study, the number of possible stored responses is 
assumed to be 1000. 

 
Fig. 3. Graphical representation of pareto front space for network 9 

solutions. 

 
Fig. 4. Network with 30 Bus under study. 

 
Fig. 5. Five different wind scenarios over a 24-hour period. 
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Fig. 6. Solar radiation scenarios over a 24-hour period. 

Table 4. Probability of different wind and solar scenarios. 

Scenario Number 
Wind Scenario 

Probability 

Solar Scenario 

Probability 

1 0.18171 0.11809 

2 0.37221 0.27875 

3 0.28512 0.28398 

4 0.12401 0.19262 

5 0.03348 0.11971 

 

Table 5. Objective function values for network 30 bus in single-
objective solution. 

Objective function considered with DG Without DG 

 
losses 

Voltage 

deviation 
Cost Cost 

16 16 8 4 
Expansion 

cost (M$) 

1.5466 1.5466 1.9279 2.8609 
Voltage 

deviation (%) 

0.5144 0.5144 0.5144 1.2689 Losses (MW) 

 

Table 6. Values of independent variables (equipment selection) for 
network 30 bus in single-objective solution. 

Objective function considered with DG Without 

DG Loss Voltage Deviation Cost 

D
G
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T
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P
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st 

L
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2 8 - - 2 3 - - 1 19 1 1 1 1 

3 9-12 - - 3 9-12 - - 3 20-27 - - 
 

3 18-27 - - 3 18-27 - - - - - - 

4.1.2.1 Without Considering Electric Vehicles and Single-

Objective 

The results of this study are presented in Tables 5 and 6 for two 
cases, with and without considering the DG. In Table 5, the values 
of the objective function are shown, and in Table 4-6, the values of 
the variables of the problem (selection of equipment for expansion) 
are provided. 

4.1.2.2 Without Considering Electric Vehicles in Multi-

Objective 

The Pareto front of these solutions is presented in Table 7. By 
carefully observing the objective function values, it is evident that 

none of the solutions is superior to the others in all objectives, which 
precisely defines the set of Pareto optimal solutions. 

The graphical representation of the Pareto front space in this case 
is shown in Fig. 7. A notable point in this network is that there is no 
need for the expansion of the substation, and the entire additional load 
added to the network in the forecasted year is capable of being supplied 
by the installed generation sources. Therefore, it can be said that 
generation sources, in addition to their effect on losses and the voltage 
profile of the network, also delay the expansion of the substation. In 
fact, in this study, in the 4-year forecast, despite the presence of 
generation sources, there was no need to expand the substation. 
 

Table 7. Objective Function Values and Selected Equipment for 
Expansion for Network 30 Bus in Multi-Objective Solution. 

 Answer 1 Answer 2 Answer 3 Answer 4 Answer 5 

Expansion 

cost (M$) 
10 12 12 12 10 

Voltage 

deviation (%) 
1.5466 1.5854 1.7068 1.9058 1.9279 

Losses (MW) 0.8043 0.78623 0.6259 0.53996 0.51444 

Post 0 0 0 0 0 

Generator 5 6 6 7 7 

 

Table 8. Information on the number of electric vehicles at each bus 
station. 

Bus Number 1 2 3 4 5 6 7 8 9 

Number of 

vehicles 
2 6 6 6 6 6 4 1 2 

Bus Number 10 11 12 13 14 15 16 17 18 

Number of 

vehicles 
4 3 2 3 2 5 3 4 4 

Bus Number 19 20 21 22 23 24 25 26 27 

Number of 

vehicles 
3 2 4 6 6 6 6 6 3 

 

Fig. 7. Solar radiation scenarios over a 24-hour period. 

4.2 Considering electric vehicles for multi-objective 

In this section, the load of electric vehicles is added to the network, 
and the impact of the network expansion considering their load and 
the increased parking demand in the network is studied. Initially, the 
information of the electric vehicles is provided, and then the results of 
the study are broken down and analyzed. 

 The distribution data of electric vehicles is presented in Table 8, 
with their accessibility during the 24-hour period and their usage 
profile as detailed in the sequential table. Furthermore, Table 9 and 
Fig. 8 illustrate this information. The graphical representation of these 
responses is shown in Table 9. It should be noted that none of the 
responses in all objectives are superior to others, and this defines the 
set of typical answers 
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Fig. 8. Accessibility of vehicles over a 24-hour period. 

 

Fig. 9. Graphical representation of the Pareto front space for 
the 30-bus network, excluding electric vehicles 

Table 9. Objective Function Values and Selected Equipment for 
Expansion for Network 30 Bus in Multi-Objective Solution. 

 Answer 1 Answer 2 Answer 3 Answer 4 Answer 5 

Expansion 

cost (M$) 
18 18 20 20 20 

Voltage 

deviation (%) 
2.1261 1.9164 1.9878 1.6086 1.5658 

Losses (MW) 0.9463 0.8153 0.6987 0.57865 0.52875 

Post 1 0 1 0 0 

Generator 7 9 8 10 10 

The graphical representation of these responses is shown in 
Table 9. It should be noted that none of the responses in all objectives 
are superior to others, and this defines the set of typical answers. In 
this case, two parking spaces have been expanded in the network, 
one for buses 1 to 16 and 28 to 30, and the other for the remaining 
buses. The first parking space is installed at bus 10, and the second 
parking space is installed at bus 21. The location of the installation 

of the energy generation sources is similar to the previous case, but 
the additional amount of these sources compared to the previous 
study is installed at the parking locations. The parking space for the 
responses in this case corresponds to Fig.8. 

5. Conclusion 

In this paper, a genetic optimization algorithm was presented for 
solving the nonlinear problem of the expansion of backup 
distribution systems, considering the integration of energy 
generation sources. The goal of developing backup systems was to 
minimize costs, which, with the addition of energy generation 
sources, reduced deviations in voltage and losses. The problem also 
expanded to address the issue of increased generation losses. 
Ultimately, the proposed model was applied to a research system, 
and the results obtained from the study are as follows: 

1. Selection in the Expanded Mode, the expansion program for 

the distribution network, combined with the expansion of energy 
generation sources, resulted in the expansion of two objective 
functions—voltage and transmission losses. The model, when moving 
towards the expansion of backup systems, showed that the 
transmission losses and voltage remained unchanged, but the costs of 
backup expansion decreased. On the other hand, as the problem moved 
toward further expansion of energy generation sources, transmission 
losses and voltage improved, but the expansion cost increased. 
Therefore, the solutions derived from this study will demonstrate these 
trends. 

2. Use of Genetic Algorithms, Since the regular model was not 
capable of obtaining suitable answers, the genetic optimization 
algorithm was employed to solve this problem. 

3. Provided Model's Capability, the proposed model was able to 
provide a space of optimal solutions that could help select the best 
solution based on engineering considerations. Additionally, in this 
paper, a ranking method was used for selecting the optimal solution. 

4. In Multi-Objective Solutions, In the multi-objective problem, 
the solutions showed a tendency to select more energy generation 
sources (see Table 4-2 results), because the presence of energy 
generation sources in the network helped reduce transmission losses. 

5. In Multi-Objective Solutions, due to the significant 
improvement in transmission losses and voltage profile, the optimal 
solutions tend to favor the expansion of energy generation sources. 
Consequently, the solutions typically lean towards the expansion of 
energy sources rather than the expansion of backup systems. 

6. Based on the results, it can be concluded that, the expansion of 
energy generation sources leads to a considerable delay in the 
expansion of backup systems. As an alternative, while offering much 
better technical outcomes, it might be preferable to consider replacing 
the expansion of backup systems with this method. However, to ensure 
there is no need for further backup system expansion, the issue should 
be addressed using a similar approach as in the current paper, 
particularly for network optimization. 

7. With the increasing load of electric vehicles on the network, due 
to the increased load at parking points, energy generation sources have 
been added alongside this increased load. Thus, transmission losses 
and the voltage profile, despite the higher load from large parking 
stations, have not undergone significant changes. 
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