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Improving and enhancing methodologies for efficient and effective design of energy systems is one of the
most important challenges that energy engineers face. In this work, a multi-objective particle swarm opti-
mization (PSO) algorithm is applied for a highly constrained cogeneration problem which named CGAM
problem as a standard cycle to verify all optimization methods. The regarded objective functions are the
exergetic efficiency that should be maximized and the total cost rate that should be minimized, simulta-
neously. In order to determine the polar effects of the pressure ratio and the turbine inlet temperature
on the specified objective functions, a sensitivity analysis is performed. The related Pareto fronts with
different values of equivalence ratios, unit costs of fuel, and NOx emissions represented and their effects
on the system studied. Furthermore, the comparison between the obtained results andother evolutionary
algorithms demonstrates the superiority and efficiency of the considered multi-objective particle swarm
optimization algorithm.
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1. INTRODUCTION

Some specialists in the field of exergoeconomic [1, 2] decided to
develop optimization methods on the standard problem. This
problem, which is an acronym of the aforementioned scientists’
name, is known as the CGAM problem. In general, the CGAM
problem is a standard cycle to verify all optimization methods.
Objectives involved in the optimum design process are con-
sidered as: thermodynamical aspect (e.g. maximum efficiency,
minimum fuel consumption, and minimum irreversibility), eco-
nomical aspect (e.g. the minimum cost per unit of time and
maximum profit per unit of production), and environmental
aspect (e.g. limited emissions and minimum environmental
impact) [3]. In order to decrease the computational cost and
time, some researchers have defined the environmental objec-
tive in cost terms and added it to the thermodynamic objective
function. Hence, a new objective function called thermoenviro-
nomic objective function has been created [4]. This optimization
problem could be solved using the evolutionary algorithms. For
instance, Hammache et al. have implemented a multi-objective

and self-adaptive algorithm to optimize the CGAM problem [5].
In [6], a particle swarm optimization algorithm has been utilized
for optimization of this problem. The cost function of invest-
ment and fuel has been introduced as a single-objective function.
So, CGAM problem has been optimized economically. In [7],
a multi-objective optimization method based on artificial bee
colony has been implemented on power and heating systems.
In [8], a multi-objective optimization of solar-hybrid cogener-
ation cycle as CGAM problem has been performed. In [9], a
new hybrid optimization algorithm has been proposed in act
of multi-objective optimization for power and heating systems.
In [10], thermoeconomic optimization of gas turbine cogener-
ation plants has been investigated. In [11], the Monte Carlo
method has been utilized for economic optimization of cogener-
ation CGAM systems. In [12], the efficient symbolic search has
been successfully applied for cost-optimal planning.

Particle swarm optimization has been originally introduced
by Kennedy and Eberhart [13] and is reported as one of the
most successful optimization algorithms [14–17]. In the recent
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years, several approaches have been proposed to develop this
algorithm through single-objective [18–20] and multi-objective
optimization problems [21–24]. Spatially, in [25, 26], the multi-
objective particle swarm optimization has been modified in two
stages. At the first stage, particle swarm optimization has been
combined with two novel convergence and divergence opera-
tors. At the second stage, two mechanisms have been used to
produce the set of Pareto optimal solutions which have good
convergences, diversities, and distributions. At the first mech-
anism, a new leader selection method which uses the periodic
iteration and the concept of the number of particle’s neighbors
has been defined. At the second mechanism, an adaptive elimi-
nation method has been employed to limit the number of non-
dominated solutions in the archive. In these references, several
complex test functions and real-world problems have been used
to challenge the proposed optimization algorithm. The results
have illustrated that it performs very well in implementation
of single-objective and multi-objective problems considering as-
pects of results accuracy, solutions diversity, and convergence
speed. Hence, this successful algorithm is also implemented
this paper to accomplish the Pareto fronts of a modified CGAM
problem.

2. OPTIMIZATION ALGORITHM

The proper selection of design variables is one of the most im-
portant issues in the aspect of CGAM problems. Therefore, a
novel multi-objective particle swarm optimization is applied in
this paper to overcome mentioned problem. Previous researches
illustrate that this optimization method can be successfully used
to obtain the Pareto frontiers of non-commensurable objective
functions for the design of linear state feedback controllers [25]
and suspension systems of vehicle vibration models [26]. This
method is a combination of particle swarm optimization, con-
vergence, and divergence operators. Moreover, a periodic leader
selection method and an adaptive elimination technique are im-
plemented to prune the archive in this algorithm named periodic
CDPSO. In the following, particle swarm optimization, conver-
gence and divergence operators, periodic leader selection, and
adaptive elimination techniques are described briefly.

A. Particle Swarm Optimization
Kennedy and Eberhart [13] proposed the population-based parti-
cle swarm optimization algorithm inspired from the simulation
of the social behavior of birds within a flock. Mainly, in the
problems with real number design variable, particle swarm opti-
mization is a very popular global optimizer [27, 28].

In this approach, the position of each particle is enhanced by
using its own and neighbors experience. Let

→
xi(t) denote the

position of particle i, at iteration t. The position of
→
xi(t) would

be changed by adding the velocity
→
vi(t) to current position, i.e:

→
xi(t + 1) =

→
xi(t) +

→
vi(t + 1) (1)

The velocity vector reflects the socially exchanged informa-
tion that is generally defined as follows:

→
vi(t + 1) = W

→
vi(t) + C1r1(

→
x

pbesti
−→xi(t)) + C2r2(

→
x

gbest
−→xi(t))

(2)
where, r1, r2 ∈ [0, 1] are random values. C1 is the cognitive learn-
ing factor and represents the attraction of the particle toward its
own success. C2 is the social learning factor and represents the

attraction of the particle toward the success of the swarm. W is
the inertia weight that controls the impact of the previous history
of velocities with the current velocity of the particle.

→
x pbest is

the personal best position of the particle i.
→
x gbest is the position

of the best particle of the entire swarm.

B. Convergence Operator
A novel convergence formula is originally introduced in [25, 26]
that contains four different positions of particles. Let ρ ∈ [0, 1] be
a random number. If ρ < PC (PC is the convergence probability)
then, one of the following equations could be implemented to
generate the new particle position

→
xi(t + 1) from the old particle

position
→
xi(t).

→
xi(t + 1) =

→
x gbest + σ1(

→
x gbest
→
xi(t)

)(2
→
xi(t)−

→
xj(t)−

→
xk(t))if

f (
→
xi(t)) < f (

→
xj(t))∠and f (

→
x k(t))

(3)

→
xi(t + 1) =

→
x

gbest
+ σ2(

→
x gbest
→
xi(t)

)(2
→
xj(t)−

→
xi(t)−

→
xk(t))if

f (
→
xj(t)) < f (

→
xi(t))and f (

→
x k(t))

(4)

→
xi(t + 1) =

→
x

gbest
+ σ3(

→
x gbest
→
xi(t)

)(2
→
xk(t)−

→
xj(t)−

→
xi(t))if

f (
→
xk(t)) < f (

→
xi(t))and f (

→
x j(t))

(5)

where particles
→
xj(t) and

→
xk(t) are selected from swarm by uni-

form selection method. f (
→
x i(t)) illustrated the objective func-

tion value of particle
→
xi(t). σ1, σ2, and σ3 are random numbers

selected from and
→
x gbest is the best particle position of the entire

swarm. After calculation of Equations (3) to (5), the superior
particle between

→
xi(t) and

→
xi(t + 1) should be selected.

C. Divergence Operator
A novel divergent formulation originally proposed in [25,26] that
is simply controlled mutation operator and provides a possible
leap for a chosen particle

→
xi(t). Let ϑ ∈ [0, 1] be a random

number. If ϑ < PD, (PD is the divergence probability) and
particle

→
xi(t) has been not enhanced by the convergence operator,

then the following equation is used to calculate a new particle.

→
xi(t + 1) = Normrand (

→
xi(t), SD) (6)

where Normrand (
→
xi(t), SD) generates random numbers with

the normal distribution from mean
→
xi(t) and standard deviation

SD.

D. Periodic Leader Selection
For solving single-objective optimization problems by PSO ap-

proach,
→
x gbest is implemented as a leader to update the position

of the particles. However, in the case of multi-objective opti-
mization problems, each particle might have a set of different
leaders (non-dominate solutions) which only one of them can
be selected. In [25, 26], the authors described a leader selection
technique based on density measures. This means that a neigh-
borhood radius (Rneighborhood) is defined for leaders. Two leaders
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are considered as each of their neighbors if the Euclidean dis-
tance (measured in the objective domain) between them be less
than Rneighborhood. In act of using this definition, the number of
neighbors in the set of all members is calculated and the particle
with fewer neighbors is assigned as the leader. This prosess
should be repeated in each period. In fact, the maximum itera-
tion is divided into several equal periods and each period has
the same generation T as follows.

maxit = numberofperiods× T (7)

Furthermore, before each iteration of a period it should be
checked that if a particle dominates as a leader, this particle
would be consider and update as the new leader. This algorithm
which named periodic multi-objective optimization, allows per-
forming initialization, inertia weight, and selection of learning
factors in each period. Here, the following equations have been
utilized for initialization, inertia weight, and cognitive social
learning factors in each period [25, 26].

xi (0) = Normrand
(
~xgbest, PI

)
(8)

vi (0) =
−−→
rand (9)

W = W1 + (W2 −W1)

(
it
T
− f ix

(
it− 1

T

))
(10)

c1 = 0 (11)

C2 = C2i +
(

C2 f − C2i

)( it
T
− f ix

(
it− 1

T

))
(12)

where xi(0) and vi(0) are the initial position and initial velocity

of particle i, Normrand
(
~xgbest, PI

)
generates random numbers

with the normal distribution, mean ~xgbest, PI , and standard devi-

ation PI .
−−→
rand is a vector of random values between 0 and 1. W1

and W2 denote the initial and final values of the inertia weight in
each period, respectively. C(2i) and C

(2 f ) are the initial and final
values of the social learning factor in each period, respectively.
Variable it represents the current iteration number and T is the
number of iterations in a period. f ix( it−1

it ) is a function that
rounds f ix( it−1

it ) to the nearest integer number toward zero.

E. Adaptive Elimination Technique

In the multi-objective optimization process, if all of the non-
dominate solutions which obtained in every iteration are kept
in the archive, then its size would increase rapidly. In order
to prevent this issue, the size of the archive has been bounded
through the proposed adaptive elimination technique in [25, 26].
In the technique used to prune the archive, each particle in the
archive has an elimination radius Re. IF the Euclidean distance
between two particles is less than Re, then one of them will be
removed.

Re =
it

ζ ×max it
(13)

where zeta is a positive constant.

Fig. 1. A schematic of the CGAM problem

3. MODIFIED CGAM PROBLEM

A. Thermodynamic Model

The CGAM problem is related to a cogeneration plant with de-
livery of 30 MV of electricity and 14 (kg/s) of saturated steam
at 20 bars illustrated in Fig. 1a. Moreover, the temperature vari-
ations of the air preheated and heat recovery steam generator
are depicted in Fig. 1b. The conditions of the considered envi-
ronment are regarded as To = 298.15 and Po = 1.013 bar and
the temperature of the exhaust gases are bounded as T7 > 400K;
and also, T1 = 298.15, p1 = 1.013bar, T8 = 298.15K, p8 = 20
bar, T10 = 298.15K, p10 = 12bar, T3 = 850K, T4 = 1520K,
ηget = 0.847 ,and ηc = 0.878. Other conditions and specifi-
cations are as follows. All processes considered as steady-state,
the air and combustion gases are ideal gas, the pressures drop
of the combustion chamber, air preheater, and Heat Recovery
Steam Generator (HRSG) are known, the heat loss of the com-
bustion chamber is 2% of the Lower Heating Value (LHV), and
the other presses are considered as adiabatic.

If the initial conditions of the cycle are considered as the same
as [29], then the result of the thermodynamic modeling would
be obtain according to Table 1.

Fig. 2 represents the values of the exergetic efficiency with
changing turbine inlet temperature and pressure ratio. There is
an optimum value of the pressure ratio for any specified turbine
inlet temperature that maximizes the exergetic efficiency. As
it can be seen, increasing turbine inlet temperature absolutely
improves the amount of the exergetic efficiency.

Exergy destruction of various components has been demon-
strated in Fig. 3. From this figure, the most exergy destruction
belongs to the combustion chamber and its irreversibility is no-
table. There is a vast amount of heat transfer in Heat Recovery
Steam Generator (HRSG) between gas mixture and steam and it
has the greatest exergy destruction after the combustion cham-
ber.

B. Economic Model

In this section, the rate of costs for the equipment has been de-
termined. At first, items 1 to 5 in Table 2 represent the equations
to calculate the purchased cost for the components. Where ma,
mg,and mst are the mass flow rates of air, gas, and steam, respec-
tively. h5 andh6 are the specific enthalpies of streams 5 and 6. ∆T
is the log mean temperature difference. Q̇SH and Q̇EV represent
the rate of the heat transfer in the preheated economizer and the
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Fig. 2. The effects of the pressure ratio (rp) and Turbine Inlet
Temperature (TIT) on the exergetic efficiency.

Table 1. Thermodynamic properties of CGAM cycle for rp =10
and TIT=1520 K.

State Ti(K) ṁi(Kg/s) Pi(KPa) ei(Kj/Kg)

1 298.2 90.19 101.300 0

2 611.4 90.19 1.013×106 27337

3 850 90.19 9.620×106 41338

4 1520 91.83 925882 100699

5 1008 91.83 109900 38286

6 791.6 91.83 108.12 21640

7 423.8 91.83 101325 3073

8 298.2 14 2.000×106 26.67

9 482.5 14 2.000×106 12794

10 298.2 1.623 1.216×106 84464

Fig. 3. The exergy destruction of the various components in
the CGAM problem.

evaporator, respectively. The values of the constants are given
in [29].

The investment cost flow rate (Żl) is given in the item 6 of
the Table 2. Where Zi is the purchased cost of the ith component

($), CRF is the annual capital recovery factor (CRF=18.2 %), N
represents the number of the hours of plant operation per year
(N = 8000h), and φ is the maintenance factor (φ = 1.06).

The fuel cost flow rate (ĊF) is given by the item 7 of the
Table 2. For the optimization process of the CGAM problem, the
objective function is total cost flow rate (ĊT) as the sum of the
investment cost flow rate (ŻT) and fuel cost flow rate (ĊF) (item
8 of the Table 2).

Table 2. The formulation of the economic modeling of the
considered CGAM problem [29].

Item Parameter Formulation

1 Compressor ZAC =
(

C11
mair

C12−ηAC

)
rcplog

(
rcp
)

2 Combustion Chamber ZCC =
(

C21
mair

C22−p4/p3

)
[1 + exp (C23T4 − C24)

3 Turbine ZAC =
(

C31
mair

C32−ηgt

)
log
(

p4
p5

)
[1 + exp (C33T4 − C34)

4 Air preheater ZAP =
(

C41
mg(h5−h6)

U∆T

)
5 Heat-recovery steam generator Zap = C51

((
Q̇ph

∆TLPH

)0.8
+

(
Q̇ph

∆TLEV

)0.8
)
+ C52ṁst + C53ṁ1.2

g

6 Investment cost flow rate Żl = Zi × CRF× ϕ× (N × 3600)

7 Fuel cost flow rate ĊF = ṁ f × c f × LHV

8 Total cost flow rate ĊT = Ċ f + ∑k Żk

C. Environmental Model
The adiabatic flame temperature in the primary zone of the com-
bustion chamber is represented in item 1 of Table 3. Where π
denotes a dimensionless pressure p/pre f (p is the combustion
pressure p3 and pre f = 1.013 bar). θ is a dimensionless tempera-
ture T/Tre f (T is the inlet temperature T3 and Tre f =300 K). Ψ is
the atomic ratio (Ψ = 4, the fuel is considered as pure methane).
In order to have an accurate prediction, four sets of constants in
the following ranges are considered.

0.3 ≤ φ ≤ 1.0, 0.92 ≤ θ ≤ 2.0 (14)

0.3 ≤ φ ≤ 1.0, 2 ≤ θ ≤ 2.0 (15)

1 ≤ φ ≤ 1.6, 0.92 ≤ θ ≤ 2.0 (16)

0.3 ≤ φ ≤ 1.6, 0.92 ≤ θ ≤ 3.2 (17)

This adiabatic flame temperature is used for the semi-
analytical correlations to determine the pollutant emissions as
indicated in item 2 to 4 in Table 3 [31]. where is the residence
time in the combustion zone (for s=0.002 s), Tpz is the primary
zone combustion temperature, p3 is the combustor inlet pres-
sure, and ∆p3/p3 is the non-dimensional pressure drop in the
combustor (∆p3/p3 = 0.05). Note that the primary zone temper-
ature is used in the NOx correlation instead of the stoichiometric
temperature. Since, the maximum attainable temperature in
premixed flames is Tpz [32]. CCO2 and CNOx are regarded equal
to 0.02086 $/kg CO and 6.853 $/kg $/NOx, respectively.

The effect of the pressure ratio and Turbine Inlet Temperature
(TIT) on the total cost rate ($/s) is represented in Fig. 4. There is
an optimum rp for any specified TIT that minimizes total cost
rate. As can be seen, increasing TIT absolutely degrades the
value of the total cost rate.

4. MULTI-OBJECTIVE OPTIMIZATION OF THE CGAM
PROBLEM

A. Objective Functions and Design Variables
Three objective functions for this problem are considered as: 1)
the total exergetic efficiency must be maximized, 2) the total cost
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Fig. 4. The effects of the pressure ratio (rp) and Turbine Inlet
Temperature (TIT) on the total cost rate.

Table 3. The formulation of the environment modeling of the
considered CGAM problem [30].

Item Formulation

1 Tpz = Aσa × exp(β(σ + λ)2)πxθyΨz

2 NOx =

(
0.15E16×τ0.5×exp(− 71100

Tpz
)

p0.05
3 (∆P3/P3)

0.5

)
3 CO2 =

(
0.179E9×exp( 7800

Tpz
)

p2
3×τ×(∆p3/p3)

0.5

)
4 ZAP =

(
C41

mg(h5−h6)
U∆T

)
5 Ċenv = cCO2 ṁCO2 + cNOx ṁNOx

rate of the products (including investment and fuel cost rate)
should be minimized, and 3) the specific rate of the pollutant
emissions (environmental impact) should be minimized as rep-
resented in Table 4. Furthermore, the cost of pollution damage
is directly added to the investment and fuel cost function.

Furthermore, for keeping the consistency with the original
CGAM problem [1–4], the design variables have been selected as
the compressor pressure ratio, efficiency of the air preheater, and
temperature of the combustion products entering the gas turbine.
These variables and their search ranges have been denoted in
Table 4.

B. Results and Discussion

In this section, the multi-objective optimization of the CGAM
problem would be perform by the periodic CDPSO and modify
NSGA-II [33]. The specifications of these algorithms have been
illustrated in Table 5.

The Pareto optimum fronts obtained via the periodic multi-
objective CDPSO and NSGA-II for several fuel-to-air equiva-
lence ratios are shown in Fig. 5. With increasing the equivalence
ratio, the Pareto fronts shifted higher. It means that the effect
of increasing the equivalence ratio is not desirable because the

Table 4. The formulation of the environment modeling of the
considered CGAM problem [30].

Objective functions
ε = (Ẇnet + ṁst(e9 − e8)/ṁ f ε̇ f uel Exergetic objective function

Ċtotal = Ċ f + ∑
k

Żk + Ċenv Thermoenvironomic objective function

Design variables

7 < P2
P1

< 16 The compressor pressure ratio

0.6 < ε < 0.9 The efficiency of the air preheater

1400 < T4 < 1650 The temperature of the combustion

products entering the gas turbine

Table 5. The specifications of the algorithms applied to the
multi-objective optimization process.

Algorithm Population size Maximum iteration (generation) Setting parameters

Crossover probability = 0.9;

Modified NSGA-II [33] 30 90 Mutation probability = 0.01;

Crowding distance faction = 0.01

w1 = 0.9; w2 = 0.4; C1 = 0; T = 7;

ζ = 300; C2i = 0.5; C2 f = 2.5;

Periodic CDPSO 30 90 Pc = 0.45; PD = 0.05; SD = 0.4;

PI = 0.04; Rneighborhood = 0.04

cost rate will increase. Moreover, the superiority of the periodic
CDPSO method can be clearly observed in this figure, especially
for the greater values of the equivalence ratios.

Fig. 6 depicts obtained Pareto fronts using the NSGA-II and
periodic CDPSO in φ = 0.64 for the effect of different unit costs
of fuel. By increasing the unit costs of fuel, the Pareto fronts
shifted higher. It means that the increasing the unit costs of
fuel is not desirable because it causes the increasing of the cost
rate. In this figure, uniformity of the obtained Pareto front by
the periodic CDPSO in comparison with the NSGA-II is highly
significant.

Fig. 7 shows the effect of different values of NOx emission
on the Pareto diagram for φ = 0.64. As it can be seen from this
figure, the periodic CDPSO chart can provid more optimum
solutions in comparison with NSGA-II. Further, increasing the
value of NOx emission leads to shifting the Pareto fronts up.

Fig. 8 illustrates the effect of pressure ratio on the objective
functions in φ = 0.64. As it can be seen from this figure, the
optimum pressure ratios are in the range of 8.2 to 9 where there
are maximum efficiency and minimum total cost rate.

Fig. 9 represents the Pareto fronts for the effect of turbine
inlet temperature (K) on the objective functions in φ = 0.64. This
figure illustrates that the optimum turbine inlet temperatures
are located in the range of 1600 K to 1640 K where there are
maximum efficiency and minimum total cost rate.

5. CONCLUSION

Aim to overcome complexity and dimensionality of real-world
problems, it needed to improve the efficiency and accuracy
of the multi-objective particle swarm optimization algorithm.
Therefore, the successful periodic CDPSO algorithm has been
applied to optimize the modified CGAM problem involving
two-objective functions. The simulation results and solution
depicted that the reduction value of the equivalence ratio im-
proves the system economic performance via rising the cost rate.
Moreover, increasing the NOx emission and the unit costs of
fuel lead to shifting the optimum Pareto fronts up and rising
the case rate. Further, the results demonstrat the robustness of
the periodic CDPSO to compute the Pareto optimum fronts with
excellent convergence and distribution in all cases. Furthermore,
the results prove that the periodic multi-objective optimization
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Fig. 5. The Pareto fronts obtained by the NSGA-II and pe-
riodic multi-objective CDPSO for the different equivalence
ratios (a)φ = 0.5, (b) φ = 0.6, (c) φ = 0.64, and (d) φ = 0.7.

Fig. 6. The Pareto fronts obtained by the NSGA-II and peri-
odic multi-objective CDPSO for the different unit costs of fuel
in φ = 0.64, (a) C f = 0.004, (b) C f = 0.006, and (c) C f = 0.008.

algorithm can find better solutions compared to the NSGA-II.
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