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This paper proposes a non-contact system to measure electrical current crossing a wire. To do so, the design and simulation of a piezoelectric cantilever beam with a tip mass are presented using mathematical
modeling. The sandwich cantilever beam is composed of two piezoelectric layers and a mid-layer made
up of steel. For mathematical modeling, the governing differential equation of the beam is extracted and
solved by the Galerkin method. Then the output voltage is calculated for different values of external
forces. The force applied to the tip mass from the magnetic field of wire is used as the external excitation force of the beam. According to the response of the output voltage, the current crossing the wire is
calculated. Validation of the model is demonstrated compared to other references. In the results section,
frequency response behavior and the influence of the geometric parameters on output voltage are analyzed. Appropriate values of these parameters should be used in the design process of this non-contact
sensor to have an observable applied force from the current-carrying wire. © 2020 Journal of Energy Management
and Technology
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1. INTRODUCTION
Nowadays, the development of mechanical and electronic systems in very small dimensions is highly attractive for researchers
and industries. Micro-electro-mechanical-systems (MEMS) technology has many applications in diverse and major industries
such as automobile manufacturing, missile, chips and military.
This important technology results in inefficiency increase and
compactness of industrial devices. The necessity for this technology has encouraged many countries to invest in this field.
Measurement is a process that determines the amount of
a physical quantity present in a context [1]. Measurement of
electrical current crossing through a conductor is one of these
processes. In fact, monitoring of electrical energy consumption
using an effective system is highly demanded in which electrical
sensor plays an important role. This sensor produces a signal
from the current that can be used for control, efficiency measurement and relaying [2]. Recent studies show that users with
real-time energy meters for consumption pay 3.8% less than
those with standard measuring systems [3]. These sensors give
the amount and also the cost of the consumed energy so that
the users will dynamically monitor their consumption rate [4].
Between two main methods of electrical current measurement,
direct measurement is a common and old method. High-speed

measurement is essential in many cases like military sites that
equipment change with missions and in cases that interrupting
system may harm the sensor or the system itself. Thus, the measurement tools must be accurate and reliable and an appropriate
non-contact measurement with high performance would solve
the problems [3]. Scientists have proposed many non-contact
procedures. Nowadays, piezoelectric sensors are being used in a
wide range for measurement processes [5] and are a proper and
promising choice for current measurement.
Some crystals like tourmaline, quartz, topaz and Rochelle
salts produce voltage under mechanical stress. This is due to
the polarization of the molecules of these materials. They are
called piezoelectric materials and the effect is called the direct
piezoelectric effect. The inverse effect occurs when an electric
potential subject to it and the shape changes and mechanical
stress appears [6, 7].
In order to use piezoelectric materials for current measurement purposes, they should be formed in cantilever beams shape.
The first experiment in designing non-contact electrical current
measurement sensors for household and commercial purposes
was presented by Leland et al. The sensor was composed of a
piezoelectric cantilever beam and a permanent magnet attached
to the free end of it. The system was electrically isolated from
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the current-carrying wire and the external power source was not
needed [8]. Determining the exact place of permanent magnet
in single and two-wire modes, which was 45 and 90 degrees,
respectively, the system’s results were improved [9]. Then, two
different sensor configurations in four different wires were examined. The first sensor’s electrodes were placed longitudinally all
over the conductor, but the second ones’ were placed in half of
the length of it. The resonant frequency was 1.23 kHz and 960 Hz,
respectively. The variety in micro-magnets construction helped
to manufacture bigger and heavier magnet in second sensor so
that the frequency response was reduced [10]. Another MEMS
DC electric current sensor with the same concept was designed
and proposed by Isagawa et al. Being non-drive, non-contact
and measuring currents from 0.04 A to 10 A was the characteristics of it [11]. This piezoelectric cantilever based current sensor
could be improved by attaching permanent magnet in the top
and bottom of the cantilever beam head. An electrical current
control system with this property was presented by Qiliang et
al. It could be enabled wirelessly and also could be retrofitted
to sub-meter existing buildings in order to have individual cost
monitoring [12]. A new method based on piezoelectric and magnetostrictive materials was established by He et al. [13]. The
magnetostrictive FCEA layer was used as a shim and the PZT
layer was placed on it. Also, a tunable mass was fixed at the
end of the cantilever beam, so as to let the beam vibrate in the
frequency of crossing current. The magnetization of the magnetostrictive layer in the longitudinal direction in the presence of a
magnetic field of a conductor caused the piezoelectric layer to
polarize in a thickness direction. The sensor’s functional range
was from 1 Arms to 10 Arms and in 50 Hz resonant frequency.
In this paper, a bimorph piezoelectric cantilever beam is designed for non-contact electrical current measurements. It is
obvious that every electrical current-carrying conductor has a
magnetic field around itself and produces a magnetic force in
which by measuring this force and using electromagnetic equations, the crossing current could be calculated. According to
this, a mathematical model for a piezoelectric cantilever beam
with a permanent magnet attached to its free end is presented.
Coupling of the magnetic field of the wire with the magnet’s
magnetic field will generate a relationship between the conductor and the cantilever beam, which can vibrate the beam and
accordingly polarize the piezoelectric layers. Though, based on
the direct piezoelectric effect, the output voltage will be generated in the fixed end of the beam. Unlike previous studies in
using piezoelectric cantilever beams for magnetic field sensing
approaches, distributed-parameter predictions is used in this
paper instead of lumped-parameter predictions. This is due to
the fact that the error of the lumped-parameter model in predicting the relative motion of the beam is 35% greater than the
distributed-parameter model [14].
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Fig. 1. Illustration of the magnetic field around a current carry-

ing wire.

Fig. 2. Bimorph piezoelectric cantilever beam presentation.

permanent magnet, which is attached to the free end of the
piezoelectric cantilever beam, is [16]:

→
−
→ −
−
→
F = i L× B

(1)

where, F is the force in Newton, B is the strength of the magnetic
field in Tesla, i is the electrical current in Ampere, and L is the
length of the wire through the magnetic field in meters. It is
worth noting that, magnetic field decreases with inverse-square
of distance. According to Ampere’s Law, the magnetic field is
calculated using (2) in which r represents wire’s radius and the
permeability coefficient is µ0 = 4π × 10−7 T.m/A.
B=

µ0 I
2πr

(2)

3. ANALYTICAL MODELING OF THE BIMORPH PIEZOELECTRIC CANTILEVER BEAM
The procedure of calculating the magnetic force applied from
the magnetic field of current-carrying wire is presented in this
section. To obtain the equation of the produced output voltage
of the piezoelectric cantilever beam as a result of the applied
forces, a bimorph cantilever beam is supposed, as shown in
Fig. 2. In bimorph piezoelectric cantilever beams, the layers
could be connected in series or parallel. A parallel connection is
considered in our model.

2. MAGNETIC FIELD OF A CURRENT-CARRYING WIRE
As shown in Fig. 1, a magnetic field is generated when electric
current flows through a conductor, as introduced by Oersted
[15]. The contour of the magnetic field will vary depending
on the shape of the conductor. Obviously, the magnetic field
takes the form of concentric circles if the conductor is a wire.
It is stronger in the area closer to the wire and its direction
depends on the direction of the current that produces the field.
The Lorentz Force is applied to a current in a magnetic field
since an electrical current in a wire consists of moving electrons.
Thus, the force exerted by the current crossing the wire on the

A. Governing equation of motion of the beam

For an undamped cantilever beam, the following equation can
be written [17]:
YI

∂4 w( x, t)
∂2 w( x, t)
+
m
=0
∂t2
∂x4

(3)

in which, YI, m, and w represent bending stiffness, mass per
unit length and transverse displacement at the free end of the
beam, respectively. Introducing mechanical damping to (3) that
is composed of viscous air damping coefficient, cs and strain rate
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damping coefficient, c a , one can derive the equation of motion
in the presence of damping effects as [14]:
YI

∂w( x, t)
∂4 w( x, t)
∂5 w( x, t)
∂2 w( x, t)
+ cs I
+ ca
+m
= 0 (4)
4
4
∂t
∂t2
∂x
∂x ∂t

where, I is the equivalent moment of inertia. To measure electrical current, the magnetic field of the wire should be in interaction
with a beam on which a permanent magnet is attached to the
free end as proof mass. By adding this proof mass to the free
end of the beam, a magnetic force would affect the beam and the
equation of motion would be changed as (5).
∂2 M( x, t)
∂5 w( x, t)
∂2 w( x, t)
∂w( x, t)
+
c
I
+
c
+
m
= f (t)
s
a
∂t
∂x2
∂t2
∂x4 ∂t
(5)
In the above equation, M is the bending moment which could
be calculated as below:
Z −h /2

Z hm /2
Z h p +hm /2
m
M( x, t) = b
Tp zdz +
Tm zdz+
Tp zdz

−

−h p −hm /2

−hm /2

Tm = Ym Sm
Tp =

E
C11
Sp

(7)

− e31 E3

(8)

In these equations, Y and c E show elastic modulus of piezoelectric and mid-layer and S, e, and E represent axial strain
components in each layer, piezoelectric stress constant and electric field, respectively. Equation (9) is found suitable for axial
strain.
∂2 w( x, t)
S ( x, z, t) = −z
(9)
∂x2
Substituting (7) and (8) into (6) and integrating it results in
(10), which presents the relation between bending moment and
backward coupling coefficient.
∂2 w( x, t)
M( x, t) = −YI
+ ϑv(t) [ H ( x ) − H ( x − L)]
∂x2

30

B. Solving the equation of motion

In order to solve equation (14), Galerkin method is utilized. It
represents the amount of transverse deflection in time t and
longitudinal position x. It is presented as (15) and Φi ( x ) and
ηi (t) show mass-normalized eigenfunction of the ith vibration
mode and modal mechanical coordinate expression, respectively.
∞

w( x, t) =

∑ Φ i ( x ) ηi ( t )

(15)

i =1

In calculating the mass-normalized eigenfunction, one should
consider the proof mass Mt , because it would affect the whole
response [14].



λ
λ
λ
λ
Φi ( x ) = Ai cos i x − cosh i x + ς i sin i x − sinh i x
L
L
L
L
(16)
where,
ςi =

hm /2

(6)
where b, h, and T represent beam width, beam thickness and
stress component in x-direction, respectively and p and m indicate piezoelectric layer and non-piezoelectric layer. So, (7) and
(8) could be written for axial stresses as:
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Mt
sin λi − sinh λi + λi mL
(cos λi − cosh λi )
Mt
cos λi − cosh λi + λi mL
(sin λi − sinh λi )

(17)

Ai is modal amplitude constant in (16), which is evaluated by
normalizing (18) and (19). In these equations, It and δis are the
proof mass moment of inertia in x = L and Kronecker delta,
respectively.
h
i
RL
dΦs ( x ) dΦi ( x )
0 Φs ( x ) mΦi ( x ) dx + Φs ( L ) Mt Φi ( L ) +
dx It dx
x= L

= δis
3
4
Z L Φ ( x )YI d Φi ( x ) dx − Φ ( x )YI d Φi ( x )
s
s
dx3
dx4

h

h

0

dΦs ( x )
d2 Φ i ( x )
dx YI dx2
x= L

i

(18)
i
x= L

+

= ωi2 δis

(19)

Also, ωi is the undamped natural frequency of the ith vibration
mode which could be written as:
r
YI
ωi = λ2i
(20)
mL4
The eigenvalue λi is calculated as:
Mt
1 + cos λ cosh λ + λ mL
(cos λ sinh λ − sin λ cosh λ)

(10)

3

λ It
− mL
3 (cos λ sinh λ + sin λ cosh λ )

(21)

4

In this equation, H is Heaviside function, v(t) is voltage, L is
the length of the beam and the bending stiffness YI, backward
coupling coefficient ϑ, and mass of the beam are obtained as:
2b
YI =
3

(

h3
E
Ym m + c11
8

e b
ϑ = 31
hp

"

"

hm
hp +
2

hm
hp +
2

2

3

h2
− m
4

m = b 2ρ p h p + ρm hm

h3
− m
8

#)
(11)

(12)



5
∂4 w( x,t)
w( x,t)
( x,t)
+ cs I ∂ ∂x
+ c a ∂w∂t
4 ∂t
∂x4 h
i
(x)
x − L)
−ϑv(t) dδdx
− dδ(dx
= f (t)

B.1. Analysis of electric circuit for a piezoceramic cantilever beam under mechanical deflection

At first, the electrostatic behavior of a thin layer will be discussed, which would lead to the derivation of the piezoelectric
governing equation. Only axial strain is considered and because
of that, electric displacement is written as follows:

#

(13)

Substituting (10) in (5) would present the final governing equation of motion of the beam.
YI

t It
+ λmM
2 L4 (1 − cos λ cosh λ ) = 0

+ m∂

2

w( x,t)
∂t2

(14)

D3 = e31 S p + εs33 E3

(22)

where, ε 33 is the permittivity component in constant strain.
Gauss’s law is written as (23) in which n and R L represent the
unit outward normal and output resistance, respectively. Also,
the integration is done over the electrode area A and D shows
the vector of electric displacement components.


Z
d 
v(t)
D.ndA =
(23)
dt
RL
A
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The relation between
the electrical field and electrical voltage

isE3 = −v(t) h p in parallel mode. Considering (9) and substituting (22) in (23), the governing equation of the output voltage
of the thin piezoelectric layer would be as:
εs33 bL dv(t)
v(t)
+
+ e31 h pc b
hp
dt
RL

Z L 3
∂ w( x, t)
0

∂x2 ∂t

dx = 0

(24)

where, h pc shows the distance between the neutral axis and the
center of each piezoelectric layer. It is calculated as:

h pc = (h p + hm ) 2
(25)
The output voltage could be presented by substituting (15) in
(24).
∞
εs33 bL dv(t)
v(t)
dη (t)
+
+ ∑ κi i
=0
(26)
hp
dt
RL
dt
i =1
k i is modal coupling term in the electrical circuit and could be
calculated as follows:
κi = −e31 h pc b

Z L 2
d Φi ( x )
0

dx2

dx = −e31 h pc b

dΦi ( x )
dx
x= L

(27)

Fig. 3A shows the schematic view of the equivalent electrical
circuit of the piezoelectric cantilever beam. According to Kirchhoff’s current law, (28) could be derived and equating it with
(26) brings out the terms of internal capacitance and dependent
current source, which are presented in (29) and (30), respectively.
Cp

dv(t)
v(t)
+
− i p (t) = 0
dt
RL

C p = εs33 bL h p
∞

i p (t) = − ∑ κi
i =1

(28)
(29)

dηi (t)
dt

(30)

The mechanical equation of motion in modal coordinates is
derived by substituting (15) into (14) as following:
d 2 ηi ( t )
dη (t)
+ ωi2 ηi (t) − χi v(t) = f i (t)
+ 2ζ i ωi i
dt
dt2

Fig. 3. Schematic of an equivalent circuit for bimorph can-

tilever beam (A) by considering one dependent current source
and (B) by considering two dependent current sources.

The above equation is valid for all frequencies. Simplifying this
equation, output voltage could be reduced to (36) by using the
effect of the first vibrational mode shape of the beam.
v(t) =

1 + j2ωR L C p

dΦi ( x )
dx
x= L

Resonant or natural frequency of a system is a frequency at
which it vibrates freely. Although it is possible to set up vibrations at other frequencies, they require much more energy and
constant input to maintain compared to the resonant frequency.
In addition, in this frequency, maximum output power density
is obtained. After selecting materials, the resonant frequency
depends on dimensions and the proof mass. Equation (37) is the
frequency formula used for cantilever beams in order to estimate
the amount of proof mass [16, 18, 19].

(31)

(32)

As the excitation force from the magnetic field of currentcarrying wire is time-variant, the modal mechanical force term
should be written as (33). Fi is the amplitude of the force.
f i (t) = Fi e jωt

fi =

Placing the harmonic solutions for ηi (t) and v(t) and also by
solving the equation governing cross-sectional movements of
the beam, the steady-state voltage response is:
∞

∑

i =1

v(t) =
1
2R L

− jωκi Fi
ωi2 −ω 2 + j2ζ i ωi ω
∞

+ jωC p + ∑

i =1

− jωκi χi
ωi2 −ω 2 + j2ζ i ωi ω

e jωt

(35)

v
v2i u
u
t
2π

0.236D p b
3
L − l2m [me + Mt ]

(37)

In above equation, f i is the ith mode resonant frequency, lm is
the length of the proof mass, vi is the ith mode eigenvalue that
in first mode is 1.875 volts, D p is the curvature modulus and me
is the effective mass of the cantilever beam at the middle of the
proof mass and is as follows:


lm
lm
me = 0.236mb L −
+ mb
2
2

(33)

Using Kirchhoff’s law and the schematic of the equivalent circuit
of a cantilever beam in the parallel mode shown in Fig. 3B, one
can write the governing equation of dynamical output voltage
as follows:
dv(t)
v(t)
Cp
+
− i p (t) = 0
(34)
dt
2R L

j2ωR L κi Fi

e jωt
ωi2 − ω 2 + j2ζ i ωi ω + j2ωR L κi χi
(36)

4. FREQUENCY ANALYSIS OF THE BEAM RESONANCE

where, the electromechanical coupling term, χi is as:
χi = ϑ



(38)

For a bimorph cantilever beam, curvature modulus is as:
Dp =

E h3
2Ym c11
p

3

E
+ c11
hm h2p +

E h2 h
c11
h3 Ym
m p
+ m
2
12

(39)

5. MATHEMATICAL MODEL VALIDATION
In order to validate the mathematical model, it is compared with
research which is established in 2009 [20]. The paper presented
the analysis of a bimorph piezoelectric cantilever beam for energy harvesting. Results with the same input are compared, as
shown in Fig. 4. It is obvious that they have a good coincidence.
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Fig. 4. Validation of results with reference [20].

Parameter

PIEZOELECTRIC

Steel

Layer’s length (mm)

20

20

Layer’s width (mm)

14

14

Layer’s height (mm)

0.06

0.04

Density (kg.m−3 )

32

Fig. 5. Frequency response of the beam.

Table 1. Geometrical and material parameters

Mass of permanent magnet (g)

Vol. 4, Issue 4

1.82
7750

7850

Elastic modulus (GPA)

62

200

Dielectric constant (pm.V −1 )

-171

-

6. RESULTS
In this analysis, the piezoelectric material is PZT-5A and the midlayer is steel. There were two considerations in selecting proper
piezoelectric material. PZT composites present piezoelectric
properties very well [21]. As well, these composites have a great
operation in low noise [22]. In addition, PZT-A type composites
have enhanced output voltage compared to PZT-H types [23].
The length, the width and the thickness of the beam are 20
mm, 14 mm, and 0.016 mm, respectively. These dimensions are
selected because A) the magnetic field around a current-carrying
wire is very weak and to sense this field, the dimensions must be
in a very low range and B) the dimensions should be in relation
to fix frequency response of the beam on the desired value. The
parameters shown in Table 1 are used in simulations.
Using the equations of Section 2, the force applied from the
magnetic field of the wire can be calculated. For an AC current
with 15 A, the amplitude of the applied force would be 0.00045
N. Fig. 5 shows the frequency response of the beam by considering the output resistance as 26 kΩ. It is obvious that in 47
kHz, the maximum output voltage is generated. In the current
measurement process with a piezoelectric cantilever beam, the
output voltage of the beam must be declared exactly. Applying a force equivalent to 15 A current, output voltage in time
range is presented in Fig. 6. Also, the output voltage is plotted
in two frequencies. Fig. 6A shows the output voltage in the
resonance frequency that is obtained from Fig. 5 as 47.04 Hz and
Fig. 6B shows the voltage in 50 Hz. It is obvious from Fig. 6A
that after 0.38 s, the amplitude of the output voltage reaches its
maximum value and remains constant at 0.35 V. As illustrated
in Fig. 6B, by changing the vibration frequency of the beam,
the output voltage reaches its steady response after 0.30 s, but
the voltage amplitudes are lower than the value obtained in

resonance frequency.
In response analyses of the beam, the designer should consider many aspects because the change of some parameters of
the beam may affect both frequency response and output voltage significantly. One important parameter is the length of the
beam. In Fig. 7A, the changes in natural frequency with respect
to different values of length is observed. It is obvious that increasing the length lowers the frequency. In addition, output
voltage changes by length. Frequency response of the beam is
plotted for 5 different values of length in Fig. 7B. It shows that
by increasing the length, resonant frequency decreases and the
amplitude of output voltage increases.
Also, the width of the beam has large effects on the beam
responses. Keeping other parameters constant, variations of the
natural frequency with respect to the beam width is illustrated
in Fig. 8A. It is shown that by increasing the value of the width,
natural frequency increases, too. This concept is valid in output
voltage analysis. In addition, width variation affects the output
voltage amplitude directly that is plotted in Fig. 8B.
In designing piezoelectric cantilever beams, it is very important to select some of the beam parameters proportional to each
other. Both the piezoelectric layer and non-piezoelectric layer
ratio and the ratio of proof mass to beam mass are very important. As presented in Fig. 9A, the ratio of layers height has a
prominent impact in natural frequency. It can be seen that the
natural frequency increases by increasing this ratio. This impact
is clearly presented in Fig. 9B in which by increasing the ratio
of proof mass to beam mass, the natural frequency of the beam
decreases.
Frequency response with respect to output resistance and
the amplitude of applied force are illustrated in Fig. 10A and
Fig. 10B. These two parameters have no effect on beam resonant
frequency, but they only can change output voltage amplitude.
Based on Ohm’s law, resistance has a direct relation with voltage,
which is shown in Fig. 10A. As well, based on (36), the output
voltage varies with applied force changes directly and increasing
the force causes an increase in voltage that is shown in Fig. 10B.
The ratio of the mass of permanent magnet to beam mass
should be evaluated that Fig. 11 shows this fact clearly. This
ratio could change both resonant frequency and output voltage simultaneously. It would be observed that by increasing
this ratio, the resonant frequency decreases, but output voltage
increases.
The last point to be considered is the impact of the damping
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Fig. 6. Output voltage of the beam in (A) Resonance frequency (B) 50 Hz.

Fig. 7. A) Natural frequency vs. different values of beam’s length (B) Beam’s frequency response with respect to different values of

length.

Fig. 8. (A) Natural frequency changes vs. width (B) Beam frequency response with respect to different values of width.

ratio on the output voltage. Assuming the forced excitation
and output resistance, as illustrated in previous calculations,
increasing the damping ratio would decrease the output voltage.
This is presented in Fig. 12.

7. CONCLUSION
A mathematical model for a bimorph cantilever beam, in order
to measure the current of a wire with a non-contact method, is
presented in this paper. Using the numerical results, the changes
of different geometrical parameters of the sensor and their effects
on frequency response and output voltage were studied. Furthermore, the effect of changing proof mass on output voltage for

different excitation frequencies was illustrated. As the main contribution, the applicability of the piezoelectric cantilever beam
in the non-contact electrical current measurement system was
shown. Due to the weak magnetic field of the wire, the beam
parameters should be selected accurately.
According to the results, the resonance frequency of the beam
is 47.04 Hz and increasing both the length and the width of
the beam would result in an increase of the output voltage.
However, an increase in length and width will decrease and
increase the resonance frequency, respectively. In addition, the
resistor value is 26 kΩ that increasing it would increase the
output voltage. According to numerical results, 15 A current
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Fig. 9. Natural frequency changes for (A) different thickness ratios (B) different ratios of proof mass to beam mass.

Fig. 10. Frequency response (A) for different resistances and (B) for different force amplitude.

Fig. 11. Frequency response for different mass ratios.

crossing the wire generates 0.00045 N force and also 0.35 V
output voltage. Therefore, the designed sensor has an acceptable
sensitivity.
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